
INSTRUCTIONS
PART I : PHYSICS DEPARTMENT EXAM

Please take a few minutes to read through all problems before starting the exam. Ask the
proctor if you are uncertain about the meaning of any part of any problem. You are to do
seven (7) of the ten (10) problems.

The questions are grouped in five Sections (mechanics, electromagnetism, quantum mechanics,
statistical mechanics, general/math). You must attempt at least one question from each of the
five (5) Sections. (E.g. Section 1: one or both of problem 1 and problem 2.) Credit will be
assigned for seven (7) questions only. Circle the seven problems you wish to be graded.

Each problem will be graded out of ten points, with partial credit distributed approximately
uniformly among parts of a problem. Please budget your time accordingly. When possible,
you will not be penalized on later parts of a problem for a calculation error on an earlier part.

SPECIAL INSTRUCTIONS DURING EXAM

1. You should not have anything close to you other than your pens & pencils, calculator
and food items. Please deposit your belongings (books, notes, backpacks, ) in a corner
of the exam room.

2. Departmental examination paper is provided. Please make sure you:

a. Write the problem number and your ID number on each sheet;

b. Write only on one side of the paper;

c. Start each problem on the attached examination sheets;

d. If multiple sheets are used for a problem, please make sure you staple the sheets
together and make sure your ID number is written on each of your exam sheets.

Colored scratch paper is provided and may be discarded when the examination is over. At
the conclusion of the examination period, please staple sheets from each problem together.
Submit this top sheet to one of the proctors, who will check that you have circled the correct
problem numbers above. Then submit your completed exam, separated into stacks according
to problem number.
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#1: UNDERGRADUATE MECHANICS

PROBLEM: The figure below depicts a mass balance, wherein the rigid, symmetric, massless
structure (composed of right angles) supports two equal masses and is allowed to pivot in
one angular dimension as depicted at right. Polar coordinates about the pivot point are
recommended for this problem.
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LL

H
hh θ

(a) Construct the potential energy for this system as a function of the geometry and angle ✓,
and evaluate the conditions for stability about the configuration shown at left (✓ = 0).

(b) What is the oscillation frequency of this apparatus as a function of the parameters (L,H, h,m),
provided parameter values that satisfy stability from part (a)?
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#2: UNDERGRADUATE MECHANICS

PROBLEM: Orbital precession due to a quadrupole perturbation.

As a result of the Earth’s aspherical mass distribution, its gravitational potential has the form

U(~r) = �↵

✓
1

r
+ �

3z2 � r2

r5

◆
,

where the z-axis is the Earth’s axis of rotation, and ↵ and � are constants. The corresponding
gravitational force thus contains a (small) non-central component.

(a) Determine the equations of motion of a (non-relativistic) particle of mass m in this field.
(Hint: try using rectangular coordinates.)

(b) Determine the rate of change of the angular momentum vector ~L of the particle. Write
the answer in terms of ~r, ẑ and the given constants.

(c) Consider a particle moving initially in an approximately circular orbit, with radius a
and angular velocity '̇ = !. Let the normal to the plane of the orbit lie initially in the

x-z plane, at an angle ✓ with the z-axis, as indicated in the figure. Assume |d~Ldt | to be
su�ciently small that over one period the orbit can be considered to be an unperturbed

circle. Find the time average
D
d~L
dt

E
over one period of this circular orbit.
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#3: UNDERGRADUATE ELECTRODYNAMICS

PROBLEM: A cylindrical hole of radius a is drilled in a solid cylinder of radius b. The two
cylinder axes are parallel and are at a distance d apart. A constant current I flows in this
structure, with uniform current density. Find the magnetic field at the center of the hole.

b
a

b
dd
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#4: UNDERGRADUATE ELECTRODYNAMICS

PROBLEM: An apparatus is made from two concentric conducting cylinders of radius a < b. The
inner cylinder is grounded, the outer cylinder is at positive voltage V , and a uniform magnetic
field H is directed along the cylinder axis. Electrons leave the inner cylinder with zero velocity
and travel to the outer cylinder. What is the threshold value of V below which the current
between the inner and outer cylinder is completely suppressed by the magnetic field?

bb
a
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#5: UNDERGRADUATE QUANTUM MECHANICS

PROBLEM: The Stark e↵ect (the verbose text is mostly a ton of hints).

(a) Consider the Hydrogen atom, with the electron in its first excited state (n = 2). What is
the degeneracy (ignoring the small e↵ects that slightly split it)? Give a few details to show
that you understand what the states are, including how this number is not totally unrelated
to an aspect of the periodic table of the elements.

(b) A constant, uniform electric field is applied, ~E = Ebz. Consider, to first order in perturba-
tion theory, its e↵ect on the n = 2 states. Write down the perturbing Hamiltonian and write
down which of its matrix elements are guaranteed to vanish by rotational symmetry.

(c) Compute the non-zero matrix elements of the first-order, perturbing Hamiltonian for n = 2.
Don’t panic if you don’t remember the radial part of the wavefuction, and don’t bother to
evaluate the radial integral. You will get full credit if you can clearly set up the needed
integral, and evaluate what it must be, up to an overall numerical factor (like 3 or something,
that you don’t need to bother to determine). You should, however, determine the correct
parametric dependence on the electric field strength, the electron charge, and the Bohr radius
a0. Also, correctly determine the sign (recalling the sign of the electron’s charge).

(d) Use the results of part (c) to determine the splitting of the degeneracy of the n = 2 states
for E 6= 0. Draw the energy levels, indicating what (if any) degeneracy remains. Determine
the energy eigenstates for each of these levels.



CODE NUMBER: ————– SCORE: ———— 6

#6: UNDERGRADUATE QUANTUM MECHANICS

PROBLEM: Consider a system of three identical particles with the same spin orientation in a
one dimensional simple harmonic oscillator potential. The system is spin-polarized, i.e. there
is no degeneracy from spin. The system is prepared with a total energy

E = 9
2~!, (1)

with ! is the characteristic angular frequency of the oscillator. Assume all possible states
of the system with this value of total energy are equally probable, and interactions between
particles can be neglected.

If you measure the energy ✏ of a single particle, what would be the most probable result, and
what is the probability associated with that value, assuming:

(a) Bose-Einstein statistics?

(b) Fermi statistics?

(c) Maxwell Boltzman statistics?
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#7: UNDERGRADUATE STATISTICAL MECHANICS

PROBLEM: Consider a gas of N � 1 identical atoms in a harmonic trap. They behave like
indistinguishable 3-dimensional simple harmonic oscillators obeying Bose-Einstein statistics.
The energy of any one of those atoms of mass m, momentum ~p and position ~r is given by the
expression

✏ =
~p2

2m
+ 1

2K~r2,

so that they all vibrate with a common frequency ⌫ =
q

K
m/2⇡, with K the spring constant.

(a) Write an integral expression for the expectation value of the total number of atoms in
excited states, in thermal equilibrium at temperature T . There is no need to actually do the
integral. Rather express the answer in terms of a dimensionless integral.

(b) Show that, at low temperatures, this gas undergoes a Bose-Einstein condensation, with
critical temperature

TB / (h⌫/kB)N
1/3

(c) Determine the manner in which the condensate fraction Ngs/N and the specific heat CV

of the gas vary with temperature T for T < TB.
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#8: UNDERGRADUATE STATISTICAL MECHANICS

PROBLEM: The speed of sound, w, in any medium is given by the formula

w =
1

p
⇢s

,

where ⇢ = mN/V is the mass density and s = �
�
@V
@P

�
/V is the adiabatic compressibility at

constant entropy and number of particles.

Show that, for an ideal Fermi gas at T = 0 K, w = vF /
p
3, where vF is the Fermi velocity of

the gas (the speed of particles at the Fermi energy).
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#9: UNDERGRADUATE GENERAL

PROBLEM: A particle of mass 3 (arbitrary units) arrives at a speed of v = 0.8c to smack into
a stationary particle of mass 7. Emerging from the collision is a particle of mass 8 traveling
at 0.6c along the direction of the original incoming particle’s velocity vector, and another
particle of unknown mass and velocity. Conserving relativistic energy (�mc2) and relativistic
momentum (�m~v), describe the properties of the unknown particle. The speeds given in the
problem lead to conveniently rational gamma factors for easy computation.
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#10: UNDERGRADUATE GENERAL

PROBLEM: The figure below shows a generic potential for atoms in a solid lattice. Assign
reasonable numbers for the scale of the equilibrium location, a, and the depth of the potential
well, " for, say, iron. Now imagine a steel fiber 1 m long and 100 µm in diameter suspending
a 1 kg mass in normal gravity. How much will the fiber stretch, based on your estimates for a
and "? Hint: first work out a spring constant, k.

U

x

a

−ε



INSTRUCTIONS
PART I : PHYSICS DEPARTMENT EXAM

Please take a few minutes to read through all problems before starting the exam. Ask the
proctor if you are uncertain about the meaning of any part of any problem. You are to do
seven (7) of the ten (10) problems.

The questions are grouped in five Sections (mechanics, electromagnetism, quantum mechanics,
statistical mechanics, general/math). You must attempt at least one question from each of the
five (5) Sections. (E.g. Section 1: one or both of problem 1 and problem 2.) Credit will be
assigned for seven (7) questions only. Circle the seven problems you wish to be graded.

Each problem will be graded out of ten points, with partial credit distributed approximately
uniformly among parts of a problem. Please budget your time accordingly. When possible,
you will not be penalized on later parts of a problem for a calculation error on an earlier part.

SPECIAL INSTRUCTIONS DURING EXAM

1. You should not have anything close to you other than your pens & pencils, calculator
and food items. Please deposit your belongings (books, notes, backpacks, ) in a corner
of the exam room.

2. Departmental examination paper is provided. Please make sure you:

a. Write the problem number and your ID number on each sheet;

b. Write only on one side of the paper;

c. Start each problem on the attached examination sheets;

d. If multiple sheets are used for a problem, please make sure you staple the sheets
together and make sure your ID number is written on each of your exam sheets.

Colored scratch paper is provided and may be discarded when the examination is over. At
the conclusion of the examination period, please staple sheets from each problem together.
Submit this top sheet to one of the proctors, who will check that you have circled the correct
problem numbers above. Then submit your completed exam, separated into stacks according
to problem number.



CODE NUMBER: ————– SCORE: ———— 1

#1: UNDERGRADUATE MECHANICS

PROBLEM: The figure below depicts a mass balance, wherein the rigid, symmetric, massless
structure (composed of right angles) supports two equal masses and is allowed to pivot in
one angular dimension as depicted at right. Polar coordinates about the pivot point are
recommended for this problem.
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(a) Construct the potential energy for this system as a function of the geometry and angle ✓,
and evaluate the conditions for stability about the configuration shown at left (✓ = 0).

(b) What is the oscillation frequency of this apparatus as a function of the parameters (L,H, h,m),
provided parameter values that satisfy stability from part (a)?

SOLUTION: (a) In polar coordinates, the masses are at a distance r =
p

L2 + (H � h)2 from
the pivot. It helps to define the angular o↵set of the masses when ✓ = 0: tan� = H�h

L , so that

sin� = H�h
r and cos� = L

r .

We define angles from the horizontal axis for the left and right masses as  
R

= � � ✓ and
 
L

= ⇡ � ✓ � �. Then we compute the vertical coordinates of each mass as y
R

= r sin 
R

and
y
L

= r sin 
L

Working through the trigonometry and recognizing that we have expressions for
sin� and cos�, we arrive at: y

R

= �L sin ✓+(H�h) cos ✓ and y
L

= L sin ✓+(H�h) cos ✓. The
potential energy is then U = mgy

L

+mgy
R

= 2mg(H � h) cos ✓, as if the mass is all located
at the center of mass, resonably.

Stability is manifest when the second derivative of the potential is positive (curves up like a
harmonic potential). The second derivative of U with respect to ✓ creates a negative sign from
cos ✓, so that we have stability if h �H > 0. In other words, h > H, which puts the masses
below the pivot at the equilibrium position (✓ = 0) in a retrospectively obvious manner.

(b) We can form the equation of motion for this system by one of two common approaches.
We can write that kinetic energy is T = 1

2

mv2
L

+ 1

2

mv2
R

= mv2 (since both masses must have

the same velocity magnitude), so T = mr2✓̇2, and then form the Lagrangian L = T � U and
construct the equations accordingly. Or, we can appeal to Newton’s Second Law and set the
negative gradient of potential equal to mass times acceleration.
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The Lagrangian route likely needs no further elaboration, so we will illustrate the latter ap-
proach here. F = �@U

@x , where x is some length-dimensioned variable. In this case, the

equivalent of x is r✓, so that F = �1

r
@U
@✓ = �2mg h�H

r sin ✓. The acceleration of each mass is

r✓̈, so that the total force on the apparatus must be 2mr✓̈. Equating these two, we find that
✓̈ = �g(h�H)

r2
sin ✓, which is the classic harmonic form with !2 = g(h�H)

r2
= g(h�H)

L2
+(h�H)

2 .

Note that even though the potential looks like a simple pendulum with mass 2m suspended
h�H under the pivot, the frequency does not look like the usual !2 = g

` . It slows down as the
length, L, increases, but approaches the usual form when L ⌧ h �H. Note that it also gets
very slow when h�H ! 0, which is easy to explore by balancing a sti↵ ruler at its midpoint.
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#2: UNDERGRADUATE MECHANICS

PROBLEM: Orbital precession due to a quadrupole perturbation.

As a result of the Earth’s aspherical mass distribution, its gravitational potential has the form

U(~r) = �↵

✓
1

r
+ �

3z2 � r2

r5

◆
,

where the z-axis is the Earth’s axis of rotation, and ↵ and � are constants. The corresponding
gravitational force thus contains a (small) non-central component.

(a) Determine the equations of motion of a (non-relativistic) particle of mass m in this field.
(Hint: try using rectangular coordinates.)

(b) Determine the rate of change of the angular momentum vector ~L of the particle. Write
the answer in terms of ~r, ẑ and the given constants.

(c) Consider a particle moving initially in an approximately circular orbit, with radius a
and angular velocity '̇ = !. Let the normal to the plane of the orbit lie initially in the

x-z plane, at an angle ✓ with the z-axis, as indicated in the figure. Assume |d~Ldt | to be
su�ciently small that over one period the orbit can be considered to be an unperturbed

circle. Find the time average
D
d~L
dt

E
over one period of this circular orbit.
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SOLUTION:

(a) Newton’s equations are
m@2

t ~x = ~F = �m~rU .

Or we can use the Lagrangian

L = 1

2

m
�
ẋ2 + ẏ2 + ż2

�
�mU

and the Euler-Lagrange equations

d

dt

✓
@L

@q̇

◆
=

@L

@q
.

Using @r
@x = x

r , the result is

ẍ = �↵x

r3
� ↵�

✓
15xz2

r7
� 3x

r5

◆

ÿ = �↵y

r3
� ↵�

✓
15yz2

r7
� 3y

r5

◆
z̈ = �↵z

r3
� ↵�

✓
15zz2

r7
� 3z

r5
� 6z

r5

◆
It will be useful for the next part to rewrite the equations of motion as

m@2

t ~r = �↵~r

✓
1

r3
+ 15�

z2

r7

◆
+ 6↵�

ẑz

r5
.

(b) The angular momentum is
~L = ~r ⇥ ~p = m~r ⇥ @t~x

and its time derivative is
@t~L = ~r ⇥ @t~p.

Only the non-central bit matters:

@t~L = ~r ⇥ ẑ
6↵�z

r5
.

(c) To evaluate the right hand side of the torque, we need to parametrize the orbit. If the
plane of the orbit were not rotated away from the z-axis, it would be ~r

0

= a(cos', 0, sin').
We need to rotate this vector by an angle ✓ about an axis (say ŷ) perpendicular to the
the z-axis. The associated rotation matrix is

R(ŷ, ✓) =

0@ cos ✓ 0 sin ✓
0 1 0

� sin ✓ 0 cos ✓

1A .



CODE NUMBER: ————– SCORE: ———— 5

This gives
~r = a(cos ✓ cos', cos ✓ sin',� sin ✓ cos').

@t~L =
�6↵�

r5
(�yz, xz, 0) =

�6↵�

a3
(cos ✓ sin ✓ cos' sin',� cos ✓ sin ✓ cos2 ', 0)

The average over a period of sin' cos' = 1

2

sin 2' is zero, while hcos2 'i = 1

2

so

@t~L =
3↵�

a3
cos ✓ sin ✓ŷ.
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#3: UNDERGRADUATE ELECTRODYNAMICS

PROBLEM: A cylindrical hole of radius a is drilled in a solid cylinder of radius b. The two
cylinder axes are parallel and are at a distance d apart. A constant current I flows in this
structure, with uniform current density. Find the magnetic field at the center of the hole.

b
a

b
dd

SOLUTION:

The linearity of Maxwell’s equations allows us to find the magnetic field as a sum of two
magnetic fields produced by two currents: A current with density

jb =
I

⇡(b2�a2)
(1)

carried by the cylinder of radius b and a current with density

ja = �jb (2)

carried by a cylinder of radius a. The sum of these two currents gives the current distribution
in the considered structure. From Ampere’s circuital law

H
H · dl = 4⇡

c

R
j · dS one finds that

the current carried by the cylinder of radius b produces a magnetic field at the center of the
hole

Hb =
2Id

c(b2�a2)
, (3)

while the current carried by the cylinder of radius a produces no magnetic field at the center
of the hole, Ha = 0. Therefore, the magnetic field at the center of the hole is

H = 2Id
c(b2�a2)

. (4)
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#4: UNDERGRADUATE ELECTRODYNAMICS

PROBLEM: An apparatus is made from two concentric conducting cylinders of radius a < b. The
inner cylinder is grounded, the outer cylinder is at positive voltage V , and a uniform magnetic
field H is directed along the cylinder axis. Electrons leave the inner cylinder with zero velocity
and travel to the outer cylinder. What is the threshold value of V below which the current
between the inner and outer cylinder is completely suppressed by the magnetic field?

bb
a

SOLUTION:

In cylindrical coordinates, the angular momentum change due to the Lorentz force gives

d
dt(mr2✓̇) = e

crṙH. (5)

The solution of this equation for zero velocity at r = a is

mr2✓̇ = eH
2c (r

2 � a2). (6)

The conservation of energy gives

1

2

m(ṙ2 + r2✓̇2)� eV (r) = 0. (7)

Substituting the expression for ✓̇ in the energy equation gives

1

2

m


ṙ2 +

⇣
eH(r2�a2)

2mcr

⌘
2

�
= eV (r). (8)

The threshold voltage Vt is obtained when ṙ = 0 at r = b. Therefore

Vt =
eH2

(b2�a2)2

8mc2b2
. (9)
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#5: UNDERGRADUATE QUANTUM MECHANICS

PROBLEM: The Stark e↵ect (the verbose text is mostly a ton of hints).

(a) Consider the Hydrogen atom, with the electron in its first excited state (n = 2). What is
the degeneracy (ignoring the small e↵ects that slightly split it)? Give a few details to show
that you understand what the states are, including how this number is not totally unrelated
to an aspect of the periodic table of the elements.

(b) A constant, uniform electric field is applied, ~E = Ebz. Consider, to first order in perturba-
tion theory, its e↵ect on the n = 2 states. Write down the perturbing Hamiltonian and write
down which of its matrix elements are guaranteed to vanish by rotational symmetry.

(c) Compute the non-zero matrix elements of the first-order, perturbing Hamiltonian for n = 2.
Don’t panic if you don’t remember the radial part of the wavefuction, and don’t bother to
evaluate the radial integral. You will get full credit if you can clearly set up the needed
integral, and evaluate what it must be, up to an overall numerical factor (like 3 or something,
that you don’t need to bother to determine). You should, however, determine the correct
parametric dependence on the electric field strength, the electron charge, and the Bohr radius
a
0

. Also, correctly determine the sign (recalling the sign of the electron’s charge).

(d) Use the results of part (c) to determine the splitting of the degeneracy of the n = 2 states
for E 6= 0. Draw the energy levels, indicating what (if any) degeneracy remains. Determine
the energy eigenstates for each of these levels.

SOLUTION: The good old Stark (Johannes, not Tony) e↵ect.

(a) n = 2 can have ` = 0, 1, i.e. 2s and 2p. The ` = 1 state can have m = 1, 0,�1. The
electron spin can point up or down. All told, the degeneracy is 2(1+3) = 8. This is not totally
unrelated to the number of elements in the second row of the periodic table.

(b) H
1

= �ezE, so the matrix elements are �eEhn = 2, `0,m0|z|n = 2, `,mi. Writing z =
r cos ✓, the rotational symmetry (the

R
d⌦ . . . ) implies that the matrix element is zero unless

|`0 � `| = 1, and m = m0. So the only non-zero matrix elements are h2p,m = 0|H
1

|2s,m = 0i
and its complex conjugate. The perturbation doesn’t a↵ect the spin, so we suppress the fact
that each ket has a tensor product with the Sz = ±1

2

states.

(c) The non-zero matrix element is �eEh2p,m0 = 0|z|2s,m = 0i =

= �eE

Z
2⇡

0

d�

Z
1

�1

d(cos ✓) cos ✓2
Z 1

0

dr r2 r| n=2

(r)|2 = |e|ECa
0

where r
0

is the Bohr radius, e = �|e|, and C is the positive numerical coe�cient that is 3 or
something (actually, it is 3).

(d) The energy eigenstates are |2s,m = 0i ± |2p,m = 0i, and |2p,m = ±1i. The first two
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are shifted up and down by the perturbation �E = ±|e|ECa
0

, and the second two remain
unchanged from the E = 0 case.
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#6: UNDERGRADUATE QUANTUM MECHANICS

PROBLEM: Consider a system of three identical particles with the same spin orientation in a
one dimensional simple harmonic oscillator potential. The system is spin-polarized, i.e. there
is no degeneracy from spin. The system is prepared with a total energy

E = 9

2

~!, (10)

with ! is the characteristic angular frequency of the oscillator. Assume all possible states
of the system with this value of total energy are equally probable, and interactions between
particles can be neglected.

If you measure the energy ✏ of a single particle, what would be the most probable result, and
what is the probability associated with that value, assuming:

(a) Bose-Einstein statistics?

(b) Fermi statistics?

(c) Maxwell Boltzman statistics?

SOLUTION:

The single-particle energies are
✏ = (n+ 1/2)~!, (11)

where n = 0, 1, 2, 3, .... Thus the sum of the quantum numbers n of the three particles is 9/2 -
3/2 = 3. The combinations of quantum numbers n that fulfill this constraint are:
A. (1,1,1)

B. (2,1,0)

C. (3,0,0).

(a) In BE statistics, all three states are possible. The probabilities are:
n = 3: (1/3)(1/3) = 1/9

n = 2: (1/3)(1/3) = 1/9

n = 1: (3/3)(1/3)+(1/3)(1/3) = 4/9
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n = 0: (1/3)(1/3) + (2/3)(1/3) =3/9

Thus the most probable energy corresponds to n = 1, with ✏ = 3/2~! and an associated
probability of 4/9.

(b) In FD statistics, no two particles of the same spin orientation can be in the same quantum
state, thus the only choice is B. Hence, three quantum numbers n = 0, 1, and2 each have a 1/3
probability each, with corresponding energies ✏ = 1/2, 3/2 and 5/2 ~!.

(c) In Maxwell Boltzman statistics, each particle is distinct. Thus the number of distinct states
corresponding to the combinations of quantum numbers are: A: 1; B: 3 x 2 = 6, and C: 3;
which sums to 10 three particle states. Hence:
n = 3: (1/3)(3/10) = 1/10

n = 2: (1/3)(6/10) = 2/10

n = 1: (3/3)(1/10)+(1/3)(6/10) = 3/10

n = 0: (1/3)(6/10) + (2/3)(3/10) =4/10

Thus most probable is n = 0 with an associated probability of 40 % and ✏ = 1/2 ~!.
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#7: UNDERGRADUATE STATISTICAL MECHANICS

PROBLEM: Consider a gas of N � 1 identical atoms in a harmonic trap. They behave like
indistinguishable 3-dimensional simple harmonic oscillators obeying Bose-Einstein statistics.
The energy of any one of those atoms of mass m, momentum ~p and position ~r is given by the
expression

✏ =
~p2

2m
+ 1

2

K~r2,

so that they all vibrate with a common frequency ⌫ =
q

K
m/2⇡, with K the spring constant.

(a) Write an integral expression for the expectation value of the total number of atoms in
excited states, in thermal equilibrium at temperature T . There is no need to actually do the
integral. Rather express the answer in terms of a dimensionless integral.

(b) Show that, at low temperatures, this gas undergoes a Bose-Einstein condensation, with
critical temperature

TB / (h⌫/kB)N
1/3

(c) Determine the manner in which the condensate fraction Ngs/N and the specific heat CV

of the gas vary with temperature T for T < TB.

SOLUTION:

(a) The expectation value of the total number of atoms in the excited states is

Nexc =

Z 1

0

g(✏)d✏

e✏/kBT�1

.

By writing the density of states in phase space in spherical coordinates we get

Nexc =

Z 1

0

Z 1

0

4⇡p2dp 4⇡r2dr/h3

ep
2/2mkBT+Kr2/2kBT�1

.

Let us define p =
p
2mkBT u and r =

p
2kBT/K v. The above integral can then be written as

Nexc = 128⇡2(m/K)3/2(kBT/h)
3 I,

where I is

I =

Z 1

0

Z 1

0

u2v2du dv

eu2+v2�1

,

and is simply a numerical factor. This implies that

Nexc = constant⇥ (kBT/h⌫)
3.

(b) The transition temperature is set by the condition N = Nexc so that

TB = constant⇥ (h⌫/kB)N
1/3.
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(b) For T < TB

Nexc/N = (T/TB)
3

and
Ngs/N = 1� (T/TB)

3.

The mean thermal energy carried by an atom is of order kBT . The total thermal energy of
the gas is then proportional to T 4 so that CV is proportional to T 3.
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#8: UNDERGRADUATE STATISTICAL MECHANICS

PROBLEM: The speed of sound, w, in any medium is given by the formula

w =
1

p
⇢s

,

where ⇢ = mN/V is the mass density and s = �
�
@V
@P

�
/V is the adiabatic compressibility at

constant entropy and number of particles.

Show that, for an ideal Fermi gas at T = 0 K, w = vF /
p
3, where vF is the Fermi velocity of

the gas (the speed of particles at the Fermi energy).

SOLUTION: For an ideal Fermi gas at T = 0 K, we have

U = 3

5

N✏F = 3

5

N h2

2m

�
3N
8⇡V

�
2/3

,

so that
P = �

�
@U
@V

�
S,N

= 2

3

U
V = 2

5

N
V ✏F

and �
@P
@V

�
S,N

= �5

3

P
V .

The compressibility is thus
s =

3

5P = 3

2

V
N

1

✏F
.

Finally, since ✏F = mv2F /2

w = 1p
⇢s

=
q

2✏F
3m = vFp

3

.
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#9: UNDERGRADUATE GENERAL

PROBLEM: A particle of mass 3 (arbitrary units) arrives at a speed of v = 0.8c to smack into
a stationary particle of mass 7. Emerging from the collision is a particle of mass 8 traveling
at 0.6c along the direction of the original incoming particle’s velocity vector, and another
particle of unknown mass and velocity. Conserving relativistic energy (�mc2) and relativistic
momentum (�m~v), describe the properties of the unknown particle. The speeds given in the
problem lead to conveniently rational gamma factors for easy computation.

SOLUTION:

The problem is one-dimensional, so we will take the initial incoming particle to have positive
velocity. � = 5

3

for the incoming particle, so that initial momentum of the incoming particle is
�mv = 5

3

· 3 · 0.8c = 4c (mass units implicit). The stationary particle adds no momentum, so
the total system momentum is P = 4c. Initial energy is E = 5

3

· 3c2 + 7c2 = 12c2.

After the collision, the mass-8 particle has � = 5

4

, so that its momentum is 5

4

· 8 · 0.6 = 6c and
its energy is 5

4

· 8c2 = 10c2.

Conservation of energy and momentum demands that the mystery particle have energy 2c2

and momentum �2c. Associating the former with �mc2 and the latter with �mv, we learn
that �m = 2, so that v = �c. The particle travels at the speed of light, so that � = 1 and
mass is zero. We might call this a photon. The relation E = pc is upheld.
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#10: UNDERGRADUATE GENERAL

PROBLEM: The figure below shows a generic potential for atoms in a solid lattice. Assign
reasonable numbers for the scale of the equilibrium location, a, and the depth of the potential
well, " for, say, iron. Now imagine a steel fiber 1 m long and 100 µm in diameter suspending
a 1 kg mass in normal gravity. How much will the fiber stretch, based on your estimates for a
and "? Hint: first work out a spring constant, k.

U

x

a

−ε

SOLUTION:A typical scale has atoms on lattice spacings around 2–3 Å, so let’s say 2.5⇥10�10 m.
Bond energy is a few electron volts; we’ll say 2 eV, or about 3⇥ 10�19 J.

Approximating the trough of the potential as one that has a minimum at (a, �"), and intersects
the x-axis at a/2, we get U ⇡ �"+ 4"

a2
(x� a)2. The force is the negative gradient of potential,

so F = � 8"
a2
�x, where �x = (x� a) is the displacement from equilibrium. For this single-pair

interaction, we associate the spring constant, k = 8"
a2
.

The cross section of the fiber has A/a2 bonds, where A is the cross-sectional area. Therefore,
the force required to separate adjacent lattice planes by �x is multiplied by this ratio. We
aim for a total spring constant, so that F

tot

= �k
tot

�X, �X being the total fiber stretch
that we seek. We note that each inter-atom displacement is a small fraction of the total fiber
displacement by the ratio of inter-atomic spacing to total length: �x = a

L�X, where L is
the fiber length. We therefore multiply the single-pair spring constant by A

a2
a
L to get the total

spring constant, resulting in k
tot

= 8"
a2

A
a2

a
L = 8"

a3
A
L . The first factor is equivalent to an elastic

modulus for the material, for which we would compute about 150 GPa (a reasonable value for
metal). Multiplying by A/L results in approximately k

tot

⇡ 1000 N/m. Hanging a 1 kg (10 N)
mass on this fiber would result in a 0.01 m displacement, which matches crude intuition, and
also suggests that the material would probably snap for a strain this large.
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#11: GRADUATE MECHANICS

PROBLEM: A sound wave propagates in a medium with acoustic speed c
s

= c
s

(x, y, z).

(a) Write the equation governing the propagation of a monochromatic acoustic wave of fre-
quency !.

(b) Derive the eikonal equation for the wave function phase. When does this provide a valid
lowest-order solution to the problem? To what mechanics problem is this equivalent?

(c) Suppose that the sound speed has the form

1

c
s

(x, y, z)2
=

1

c20

�
n1(x)

2 + n2(y)
2 + n3(z)

2
�
.

Solve the eikonal equation for the phase by separation of variables.
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#12: GRADUATE MECHANICS

PROBLEM: Consider an oscillator of mass m where the spring constant k varies with time, i.e.
k = k0f(t) where

f = 1 + h cos(⌦t).

(a) For h < 1 and ⌦2 ⌧ k0/m, describe how you would calculate the motion. What approach
would you use? Why?

(b) For h < 1 and ⌦ ⇠ 2
p

k0/m describe how you would calculate the motion. What approach
would you use? Why?

(c) For h < 1 and ⌦2 � k0/m, describe how you would calculate the motion. What approach
would you use? Why?

(d) Choose one of cases (a), (b), (c) and actually implement the calculation of an approximate
solution.
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#13: GRADUATE ELECTRODYNAMICS

PROBLEM: Retarded fields for a moving sheet.

An infinite sheet with uniform surface charge density � lies in the plane z = 0.

(a) Suppose the sheet has been moving for all times with constant speed v in the positive y
direction. Calculate the magnetic field that would be produced by such a moving sheet.

Assume now that the sheet has been stationary for t < 0. At time t = 0 the sheet begins to
move in the positive y direction with constant speed v.

Recall the formula for the retarded potential:

~A(~x, t) =
1

c

Z
d3~x0

~J
�
~x0, t� 1

c

|~x� ~x0|�

|~x� ~x0| .

If you prefer to work with SI units replace the 1/c prefactor above by µ0/(4⇡).

(b) Write an expression for the current density ~J(~x, t). Calculate A
y

(z, t). Plot its value as
a function of t for fixed z (positive and negative) and also as a function of z for fixed
time t > 0.

(c) Calculate B
x

and E
y

and plot them as functions of time at a fixed value of z (positive
and negative) and as functions of z for a fixed time t > 0. Compare with the results
obtained in part (a).
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#14: GRADUATE ELECTRODYNAMICS

PROBLEM: EM Waves in a plasma.

A plane electromagnetic wave of angular frequency ! propagates in a uniform plasma with
electron density N

e

and overall and local charge neutrality: ⇢ = 0. The EM wave generates pe-
riodic currents within the plasma that, as the problem will show, modify the index of refraction
of the medium compared to that of the vacuum.

Assume the plasma is collisionless, i.e. has no resistivity, and that radiation pressure e↵ects
can be neglected. Moreover, assume the ions are much heavier than the electrons so that we
can neglect the current due to the ions.

(a) Relate the steady-state current density ~J(~r, t) in the plasma to the wave’s electric field
~E(~r, t) or derivatives thereof. Assume magnetic forces can be neglected.

(b) Write down the appropriate Maxwell equations and derive the wave equation. Find the
dispersion relation !(k). Find the lowest frequency EM wave that can propagate in the
plasma.

(c) Find the phase and group velocities for EM waves in the plasma. Compare those velocities
with the speed c of light in vacuum.

(d) Find the index of refraction n of the plasma as a function of the frequency. If a plane
EM wave is incident on a plane interface between vacuum and the plasma, what is the
critical angle (measured from the normal to the interface) for total ‘external’ reflection?
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#15: GRADUATE QUANTUM MECHANICS

PROBLEM: Helium atom ground state approximation, variational method.

(a) Write down the helium atom Hamiltonian, taking the nucleus to have charge Z|e|.
(b) In the approximation where one neglects the Coulomb interaction between the two elec-
trons, what would be the position-space energy eigenfunctions? You don’t need to write actual
functions, but just a formal expression, indicating how you can get the answer by recycling
wavefunctions from another system. Indicate all of the possible quantum numbers, and make
sure that it has the correct behavior for electrons being Fermions. What are the possibilities
for the total spin?

(c) Write down the ground state wavefunction of the Helium atom, again ignoring the
electron-electron interaction, this time explicitly writing out the coordinate dependence. Don’t
forget to write the spin dependence (what is its spin?). Keep the charge Z of the nucleus gen-
eral.

(d) Use your answer from the previous part to set up a variational method approximation of
the Helium ground state energy. Replace Z ! Z

eff

in the wavefunction; Z
eff

will be the
variational parameter. Keep the Z in the Hamiltonian fixed at Z = 2. Write out as much as
you can of this variational calculation for maximal partial credit. If you have time to spare,
and want to show o↵, you can do the electron-electron interaction term integral using

1
r12

⌘ 1
|~x1�~x2| =

1X

`=0

r

`
<

r

`+1
>

P
`

(cos �), and

P
`

(cos �) = 4⇡
2`+1

`X

m=�`

Y ⇤
`,m

(✓1,�1)Y
`,m

(✓2,�2).

If you don’t have time or want to show o↵, just write the integral in terms of the various
quantities (like Z, Z

eff

, a0, e, etc) up to an undetermined overall coe�cient (which evaluates to
be 5/4). Evaluate the needed other pieces from H, do the variational calculation to determine
Z
eff

, and thus obtain the ground state energy. (A check: the variational method will determine
Z
eff

to be in the range between 1 and 2, which makes physical sense: each electron sees the
nucleus partly screened by the other one.)
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#16: GRADUATE QUANTUM MECHANICS

PROBLEM: Consider the following game. You are given a sequence of pairs of qbits (spin 1
2s).

You are guaranteed that either (A) all pairs are in the state 1p
2
(|""i+ |##i) or (B) all pairs are

randomly chosen from {|""i , |##i} with equal probability. You have a Stern-Gerlach apparatus,
of course.

(a) In the first version of the game, you are only allowed to perform measurements (as many
as you want) on one of the two qbits. In this version of the game, is it possible to decide
whether the sequence is (A) or (B)? Explain why or why not by deriving the reduced
density matrix describing the state of one of the two qbits in each case.

(b) In preparation for the next part, write the density matrices for the two qbits which
describe sequences A and B respectively.

(c) In the advanced version of the game, you may perform measurements on both qbits.
Describe a strategy for distinguishing (A) from (B) and describe its outcome for sequence
A and sequence B.
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#17: GRADUATE STATISTICAL MECHANICS

PROBLEM: Consider a system of N identical but distinguishable particles, each of which has
a nondegenerate ground state with energy zero, and a g-fold degenerate excited state with
energy " > 0.

(a) Let the total energy of the system be fixed at E = M", where M is the number of
particles in an excited state. What is the total number of states ⌦(E,N)?

(b) What is the entropy S(E,N)? Assume the system is thermodynamically large. You may
find it convenient to define ⌫ ⌘ M/N , which is the fraction of particles in an excited
state.

(c) Find the temperature T (⌫). Invert this relation to find ⌫(T ).

(d) Show that there is a region where the temperature is negative.

(e) What happens when a system at negative temperature is placed in thermal contact with
a heat bath at positive temperature?
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#18: GRADUATE STATISTICAL MECHANICS

PROBLEM: Consider an Ising model on a square lattice with Hamiltonian

Ĥ = �J
X

i2A

X

j2B

0
S
i

�
j

,

where the sum is over all nearest-neighbor pairs, such that i is on the A sublattice and j is
on the B sublattice (this is the meaning of the prime on the j sum), as depicted in Fig. 1.
The A sublattice spins take values S

i

2 {�1, 0,+1}, while the B sublattice spins take values
�
j

2 {�1,+1}.

Figure 1: The square lattice and its A and B sublattices.

(a) Make the mean field assumptions hS
i

i = mA for i 2 A and h�
j

i = mB for j 2 B. Find the
mean field free energy F (T,N,mA,mB). Adimensionalize as usual, writing ✓ ⌘ kBT/zJ
(with z = 4 for the square lattice) and f = F/zJN . Then write f(✓,mA,mB).

(b) Write down the two mean field equations (one for mA and one for mB).

(c) Expand the free energy f(✓,mA,mB) up to fourth order in the order parameters mA and
mB.

(d) The part of f(✓,mA,mB) which is quadratic in mA and mB may be written as a quadratic
form, i.e.

f(✓,mA,mB) = f0 +
1
2

�
mA mB

�✓M11 M12

M21 M22

◆✓
mA

mB

◆
+O�

m4
A,m

4
B

�
,

where the matrixM is symmetric, with componentsM
aa

0 which depend on ✓. The critical
temperature ✓c is identified as the largest value of ✓ for which det M(✓) = 0. Find ✓c
and explain why this is the correct protocol to determine it.
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#19: GRADUATE MATH

PROBLEM: The standard definitions of the direct and inverse Fourier transforms (FT) in D
dimensions are

ṽ
�
~k
�
=

Z
dDre�i

~

k·~rv (~r ) , v (~r ) =

Z
d

D
k

(2⇡)D
ei
~

k·~rṽ
�
~k
�
.

A well-known result is that the D = 3 FT of function v (~r ) = 1/r = 1/
p
x2 + y2 + z2 is equal

to ṽ
�
~k
�
= 4⇡/|~k|2. Calculate the 2D version of this result, that is, compute the D = 2 FT

ṽ
�
~k
�
of v (~r ) = 1/r = 1/

p
x2 + y2.
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#20: GRADUATE GENERAL

PROBLEM: Let us assume that the Earth has started as a ball of molten rock at uniform initial
temperature T0 = 2000�C and has since gradually cooled down by radiation from the surface,
which remained at 0�C at all times t > 0. The Earth’s temperature as a function of depth x
is sketched by the solid lines in the Figure (the surface is at x = 0, and x increases toward the
interior). The temperature gradient at the surface � = @T/@x|

x=+0 has decreased over time,
from � = 1 at t = 0 to the present-day value of � = 0.037�C/m. Assume that the temperature

𝑇 

𝑇0 

𝑥 

𝑡 = 0 

𝑡 > 0 

distribution is described by the heat di↵usion equation

@T

@t

�D @

2
T

@x

2 = Q , 0 < x < 1 , D = 1.2⇥ 10�6m2s�1.

Not knowing about heat production by radioactive decay inside the Earth, Lord Kelvin (who
was the first to work on this problem) set Q to zero. (This was his famous mistake.) Rederive
Kelvin’s estimate for the age of the Earth in years, using 1 year = 3.15⇥ 107 s.

Hints : 1) Use the method of images to reformulate the problem on the full line by formally
extending function T (x, t) to negative x as shown by the dashed lines in the Figure. 2) The
retarded Green’s function of the di↵usion equation is G(x, t) = ✓(t) exp(�x2/ 4Dt)/

p
4⇡Dt .
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#11: GRADUATE MECHANICS

PROBLEM: A sound wave propagates in a medium with acoustic speed c
s

= c
s

(x, y, z).

(a) Write the equation governing the propagation of a monochromatic acoustic wave of fre-
quency !.

(b) Derive the eikonal equation for the wave function phase. When does this provide a valid
lowest-order solution to the problem? To what mechanics problem is this equivalent?

(c) Suppose that the sound speed has the form

1

c
s

(x, y, z)2
=

1

c2
0

�
n
1

(x)2 + n
2

(y)2 + n
3

(z)2
�
.

Solve the eikonal equation for the phase by separation of variables.

SOLUTION:

(a) The wave equation is �
c
s

(x)2r2 � @2
t

�
 (x, t) = 0.

For  (x, t) = e�i!t (x), we find the Helmholtz equation�
c
s

(x)2r2 + !2

�
 (x) = 0.

(b) Letting  (x) = ei�(x)/h, the eikonal equation implies

(r�)2 + !2

c
s

(x)2
= terms proportional to h

The eikonal equation arises by setting the right hand side to zero. This is a good approximation
if the phase is rapidly varying compared to c

s����rc
s

c
s

���� ⌧ k ⌘
����r  

����
in which case we may treat h as small. This is the Hamilton-Jacobi equation for a particle in
a potential V = !

2

c

2
s(x)

.

(c) Letting � = �
1

(x) + �
2

(y) + �
3

(z), we have

(@
x

�
1

)2 � k2
0

n
1

(x)2 = 0

with k2
0

⌘ !

2

c

2
0
, so

�
1

(x) = k
0

Z
x

dx0n
1

(x0)

and similarly for �
2,3

. The density factorizes:

 (x, y, z) = e�i!tei�1(x)ei�2(y)ei�3(z).
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#12: GRADUATE MECHANICS

PROBLEM: Consider an oscillator of mass m where the spring constant k varies with time, i.e.
k = k

0

f(t) where

f = 1 + h cos(⌦t).

(a) For h < 1 and ⌦2 ⌧ k
0

/m, describe how you would calculate the motion. What approach
would you use? Why?

(b) For h < 1 and ⌦ ⇠ 2
p

k
0

/m describe how you would calculate the motion. What approach
would you use? Why?

(c) For h < 1 and ⌦2 � k
0

/m, describe how you would calculate the motion. What approach
would you use? Why?

(d) Choose one of cases (a), (b), (c) and actually implement the calculation of an approximate
solution.

SOLUTION:

(a) For ⌦2 ⌧ w2

0

= k
0

/m

we have

w2(t) = w2

0

(1 + h cos(⌦t))

with ẇ/w ⌧ 1 (h < 1), so the perturbation is adiabatic.

Approach via adiabatic invariant

i.e. N = E/w(t) = const

E ! energy
and calculate orbit.

(b) For ⌦ ⇠ 2w
0

, parametric resonance is possible between w2(t) variation at 2w
0

and funda-
mental frequency w

0

. This feeds back onto fundamental, and can lead to instability.

Approach by multiple time scale perturbation theory, i.e.

⌦ = 2w
0

+ "
x = a(t) cos[(w

0

+ "

2

)t] + b(t) sin[(w
0

+ "

2

)t]
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use ȧ/a, ḃ/b ⌧ w
0

, and obtain and solve coupled equations for ȧ, ḃ. Instability can arise
depending on ", h.

(c) For ⌦ � w, have a situation where a fast varying parameter enters the oscillator evo-
lution. This can generate a ponderomotive potential and pondermotive force.

Approach: Method of averaging

i.e. ẍ+ w2

0

x+ ↵(⌦t)x = 0

⌦ � w
0

↵(⌦t) is oscillatory.

x = x
f

+ x̄
x̄ is slow envelope
x
f

is fast variation.

x̄+ w2

0

x̄+ h↵(⌦t)x
f

i = 0

h i = 1/(2⇡/⌦)
R
2⇡/⌦

0

dt

ẍ
f

+ w2

0

x
f

= �↵(⌦t)x̄

x
f

= +↵(⌦t)x̄

⌦

2

) ¨̄x+ w2

0

x̄+ h↵(⌦t)

2ix̄
⌦

2 = 0

etc.

(d) Simplest, by far, is (a).

E = 2(1
2

kx2)
= mw2

0

x2

w(t) = w
0

(1 + h cos(⌦t))1/2

N = E/w = mw
0

x(t)2/(1 + h cos⌦t)1/2

= const. = N
o

x(t) =
N

1/2
0 (1+h cos⌦t)

1/4

(mw0)
1/2
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#13: GRADUATE ELECTRODYNAMICS

PROBLEM: Retarded fields for a moving sheet.

An infinite sheet with uniform surface charge density � lies in the plane z = 0.

(a) Suppose the sheet has been moving for all times with constant speed v in the positive y
direction. Calculate the magnetic field that would be produced by such a moving sheet.

Assume now that the sheet has been stationary for t < 0. At time t = 0 the sheet begins to
move in the positive y direction with constant speed v.

Recall the formula for the retarded potential:

~A(~x, t) =
1

c

Z
d3~x0

~J
�
~x0, t� 1

c

|~x� ~x0|�
|~x� ~x0| .

If you prefer to work with SI units replace the 1/c prefactor above by µ
0

/(4⇡).

(b) Write an expression for the current density ~J(~x, t). Calculate A
y

(z, t). Plot its value as
a function of t for fixed z (positive and negative) and also as a function of z for fixed
time t > 0.

(c) Calculate B
x

and E
y

and plot them as functions of time at a fixed value of z (positive
and negative) and as functions of z for a fixed time t > 0. Compare with the results
obtained in part (a).

SOLUTION:

(a) The sheet produces a surface current �v in the y direction. The resulting field is in-
dependent of x and y. The integrated form of Ampere’s law,

H
R

~B · d~̀ = 4⇡

c

R
R

~J · d~a,
integrated over a square loop @R with normal in the y direction and which penetrates
the sheet gives

B
x

(z) =

(
2⇡

c

�v, z > 0

�2⇡

c

�v, z < 0
.

(b) The current density is
~J(~x, t) = �v�(z)✓(t)ŷ

where ✓(t) is the step function which vanishes for t < 0 and is 1 for t > 0. Using the above
formula, only the y component of the vector potential is nonzero: ~A(~x, t) = ŷA

y

(~x, t),
and

A
y

(~x, t) =
�v

c

Z
d3x0

�(z0)

|~x� ~x0|✓(t� |~x� ~x0|/c).
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This depends only on z, t, since the x, y-dependence can be removed by a change of
integration variable. Evaluate it at x = y = 0:

A
y

(z, t) =
�v

c

Z
dx0dy0

1p
x02 + y02 + z2

✓(t�
p
x02 + y02 + z2/c).

In polar coordinates: x02 + y02 = R2, dx0dy0 = d✓RdR

A
y

(z, t) =
�v

c
2⇡

Z 1

0

RdRp
R2 + z2

✓(t�
p
R2 + z2/c) =

(
0, t < |z|/c
�v

c

2⇡
R
Rt

0

RdRp
R

2
+z

2 , t > |z|/c

where the upper limit is R
t

⌘ p
c2t2 � z2. Substituting u = R2, the answer when it is

nonzero is

A
y

(z, t) =
�v

c
2⇡

✓q
R2

t

+ z2 �
p
z2
◆

=
2⇡�v

c
(ct� |z|) , ct > |z|.

(c) Taking the curl ~B = ~r⇥ ~A = B
x

x̂, with

B
x

= �@
z

A
y

= sign(z)
2⇡�v

c
, ct > |z|

The only component of E is

E
y

= �1

c
@
t

A
y

(z, t) = �2⇡�v, ct > |z|.
The magnetic field is the same as the answer in the case of a static current wherever it
is nonzero. The electric field is a new feature of the time-dependent case, and is a sign
that work must be done to move the sheet, since ~E ⇥ ~B 6= 0.
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#14: GRADUATE ELECTRODYNAMICS

PROBLEM: EM Waves in a plasma.

A plane electromagnetic wave of angular frequency ! propagates in a uniform plasma with
electron density N

e

and overall and local charge neutrality: ⇢ = 0. The EM wave generates pe-
riodic currents within the plasma that, as the problem will show, modify the index of refraction
of the medium compared to that of the vacuum.

Assume the plasma is collisionless, i.e. has no resistivity, and that radiation pressure e↵ects
can be neglected. Moreover, assume the ions are much heavier than the electrons so that we
can neglect the current due to the ions.

(a) Relate the steady-state current density ~J(~r, t) in the plasma to the wave’s electric field
~E(~r, t) or derivatives thereof. Assume magnetic forces can be neglected.

(b) Write down the appropriate Maxwell equations and derive the wave equation. Find the
dispersion relation !(k). Find the lowest frequency EM wave that can propagate in the
plasma.

(c) Find the phase and group velocities for EM waves in the plasma. Compare those velocities
with the speed c of light in vacuum.

(d) Find the index of refraction n of the plasma as a function of the frequency. If a plane
EM wave is incident on a plane interface between vacuum and the plasma, what is the
critical angle (measured from the normal to the interface) for total ‘external’ reflection?

SOLUTION:

(a) The motion of an electron at location ~r is governed by

m~̈s = �e ~E(~r, t)

where ~s is the (small) displacement vector of the electron, and hence ~̇s = ~v(~r, t) is the
electron velocity field at ~r. Ignore transient solutions; the steady-state solution for the
displacement is harmonic with the applied frequency: ~̈s = �!2~s. The current density is
therefore

~J(~r, t) = �eN
e

~̇s

and in steady state

~̇J(~r) = �eN
e

~̈s = N
e

e2

m
~E

or

~J(~r) = �e2N
e

m!2

@
t

~E(~r).
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(b) In Gaussian units, Maxwell’s equations are

~r⇥ ~E = �1

c
@
t

~B, ~r⇥ ~B = +
1

c
@
t

~E +
4⇡

c
~J

~r · ~B = 0, ~r · ~E = 4⇡⇢ = 0

where the last equation comes from the local neutrality condition. Using our expression
for the current density from the previous part, Ampere’s law becomes

~r⇥ ~B = +
1

c

✓
1� 4⇡e2N

e

m!2

◆
@
t

~E

Taking the curl and using Faraday and ~r · ~E = 0, we get

r2 ~E =

 
1� !2

p

!2

!
1

c2
@2

t

~E

where the plasma frequency is

!
p

⌘
r

4⇡e2N
e

m
.

Therefore the dispersion relation is

k2 =
!2

c2

 
1� !2

p

!2

!
, or !2 = c2k2 + !2

p

which has no real solutions for ! < !
p

.

(c) The phase and group velocities are

v
p

=
!(k)

k
=

cq
1� !

2
p

!

2

� c

and v
g

=
d!

dk
=

kc2

!
= c

s
1� !2

p

!2

 c.

The index of refraction is n = c/v
p

=

q
1� !

2
p

!

2 < 1. Snell’s law says n
vac

sin ✓
inc

= n sin ✓
where ✓

inc

is the angle of incidence with respect to the outer normal to the interface, and
✓ is the angle between the propagation direction in the plasma with respect to the inner
normal to the interface. Total external reflection means ✓ > ⇡/2, which happens at the
critical angle

sin ✓?
inc

= n

which is possible for n < 1.
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#15: GRADUATE QUANTUM MECHANICS

PROBLEM: Helium atom ground state approximation, variational method.

(a) Write down the helium atom Hamiltonian, taking the nucleus to have charge Z|e|.
(b) In the approximation where one neglects the Coulomb interaction between the two elec-
trons, what would be the position-space energy eigenfunctions? You don’t need to write actual
functions, but just a formal expression, indicating how you can get the answer by recycling
wavefunctions from another system. Indicate all of the possible quantum numbers, and make
sure that it has the correct behavior for electrons being Fermions. What are the possibilities
for the total spin?

(c) Write down the ground state wavefunction of the Helium atom, again ignoring the
electron-electron interaction, this time explicitly writing out the coordinate dependence. Don’t
forget to write the spin dependence (what is its spin?). Keep the charge Z of the nucleus gen-
eral.

(d) Use your answer from the previous part to set up a variational method approximation of
the Helium ground state energy. Replace Z ! Z

eff

in the wavefunction; Z
eff

will be the
variational parameter. Keep the Z in the Hamiltonian fixed at Z = 2. Write out as much as
you can of this variational calculation for maximal partial credit. If you have time to spare,
and want to show o↵, you can do the electron-electron interaction term integral using

1

r12
⌘ 1

|~x1�~x2| =
1X
`=0

r

`
<

r

`+1
>

P
`

(cos �), and

P
`

(cos �) = 4⇡

2`+1

`X
m=�`

Y ⇤
`,m

(✓
1

,�
1

)Y
`,m

(✓
2

,�
2

).

If you don’t have time or want to show o↵, just write the integral in terms of the various
quantities (like Z, Z

eff

, a
0

, e, etc) up to an undetermined overall coe�cient (which evaluates to
be 5/4). Evaluate the needed other pieces from H, do the variational calculation to determine
Z
eff

, and thus obtain the ground state energy. (A check: the variational method will determine
Z
eff

to be in the range between 1 and 2, which makes physical sense: each electron sees the
nucleus partly screened by the other one.)

SOLUTION:

(a)

H = 1

2m

(~p2
1

+ ~p2
2

)� Ze

2

r1
� Ze

2

r2
+ e

2

r12

(b) In this approximation, the wavefunctions are tensor products of hydrogen atom wave-
functions, together with the spins of the two electrons, such that the overall wavefunction is
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antisymmetric under exchanging the two electrons (identical Fermions). The total spin can be
zero or one (corresponding to �� and �

+

below)

 (~x
1

, ~z
2

)(0) = 1p
2

⇥
 
n,`,m

(~x
1

) 
n

0
,`

0
,m

0(~x
2

)±  
n,`,m

(~x
2

) 
n

0
,`

0
,m

0(~x
1

)
⇤⌦ �⌥

�� ⌘ 1p
2

(|+�i � |�+i), �
+

= |++i, 1p
2

(|+�i+ |�+i), |��i.

(c)

 
1,0,0

(~x
1

) 
1,0,0

(~x
2

)�� = Z

3

⇡a

3
0
e�Z(r1+r2)/a0��

(d)

Ẽ(Z
eff

) = h0̃| 1

2m

(~p2
1

+ ~p2
2

)� Ze

2

r1
� Ze

2

r2
+ e

2

r12
|0̃i

h~x
1

, ~x
2

|0̃i = Z

3
eff

⇡a

3
0
e�Zeff (r1+r2)/a0��

Replace ~p2
1

! �~2r2

1

! �~2 1
r

@2
r1
(r

1

· ..) to get

Ẽ(Z
eff

) = (Z2

eff

� 2ZZ
eff

+ 5

4

Z
eff

)(e2/a
0

),

so the minimum value is at Z
eff,min

= 2� 5

16

and then E
groundstate

⇡ Ẽ(Z
eff,min

)
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#16: GRADUATE QUANTUM MECHANICS

PROBLEM: Consider the following game. You are given a sequence of pairs of qbits (spin 1

2

s).
You are guaranteed that either (A) all pairs are in the state 1p

2

(|""i+ |##i) or (B) all pairs are
randomly chosen from {|""i , |##i} with equal probability. You have a Stern-Gerlach apparatus,
of course.

(a) In the first version of the game, you are only allowed to perform measurements (as many
as you want) on one of the two qbits. In this version of the game, is it possible to decide
whether the sequence is (A) or (B)? Explain why or why not by deriving the reduced
density matrix describing the state of one of the two qbits in each case.

(b) In preparation for the next part, write the density matrices for the two qbits which
describe sequences A and B respectively.

(c) In the advanced version of the game, you may perform measurements on both qbits.
Describe a strategy for distinguishing (A) from (B) and describe its outcome for sequence
A and sequence B.

SOLUTION:

(a) In both cases, the reduced density matrix for one of the two qbits (they are identical) is
proportional to the identity. You can learn nothing by measuring one of them.

(b) The density matrix for both qbits in case (A) is

⇢
A

=
1

2
(|""i+ |##i) (h""|+ h##|)

(a pure state). For case (B) we have classical uncertainty about the ket :

⇢
B

= 1

2

(|""i h""|+ |##i h##|) .

(c) Measure �x ⌦ �x. This has

h�x ⌦ �xi
A

= tr⇢
A

�x ⌦ �x = tr1
2

0BB@
1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

1CCA
0BB@
0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

1CCA = 1

(I’ve written the matrices in the "", "#, #", ## basis) but

h�x ⌦ �xi
B

= tr⇢
B

�x ⌦ �x = tr1
2

0BB@
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

1CCA
0BB@
0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

1CCA = 0.
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#17: GRADUATE STATISTICAL MECHANICS

PROBLEM: Consider a system of N identical but distinguishable particles, each of which has
a nondegenerate ground state with energy zero, and a g-fold degenerate excited state with
energy " > 0.

(a) Let the total energy of the system be fixed at E = M", where M is the number of
particles in an excited state. What is the total number of states ⌦(E,N)?

(b) What is the entropy S(E,N)? Assume the system is thermodynamically large. You may
find it convenient to define ⌫ ⌘ M/N , which is the fraction of particles in an excited
state.

(c) Find the temperature T (⌫). Invert this relation to find ⌫(T ).

(d) Show that there is a region where the temperature is negative.

(e) What happens when a system at negative temperature is placed in thermal contact with
a heat bath at positive temperature?

SOLUTION:

(a) Since each excited particle can be in any of g degenerate energy states, we have

⌦(E,N) =

✓
N

M

◆
gM =

N ! gM

M ! (N �M)!
.

(b) Using Stirling’s approximation, we have

S(E,N) = kB ln⌦(E,N) = �NkB

n
⌫ ln ⌫ + (1� ⌫) ln(1� ⌫)� ⌫ ln g

o
,

where ⌫ = M/N = E/N".

(c) The inverse temperature is

1

T
=

✓
@S

@E

◆
N

=
1

N"

✓
@S

@⌫

◆
N

=
kB

"
·
(
ln

✓
1� ⌫

⌫

◆
+ ln g

)
,

hence
kBT =

"

ln
�
1�⌫

⌫

�
+ ln g

.

Inverting,

⌫(T ) =
g e�"/kBT

1 + g e�"/kBT
.
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(d) The temperature diverges when the denominator in the above expression for T (⌫) vanishes.
This occurs at ⌫ = ⌫⇤ ⌘ g/(g + 1). For ⌫ 2 (⌫⇤, 1), the temperature is negative! This is
technically correct, and a consequence of the fact that the energy is bounded for this system:
E 2 [0, N"]. The entropy as a function of ⌫ therefore has a maximum at ⌫ = ⌫⇤. The model
is unphysical though in that it neglects various excitations such as kinetic energy (e.g. lattice
vibrations) for which the energy can be arbitrarily large.

(e) When a system at negative temperature is placed in contact with a heat bath at positive
temperature, heat flows from the system to the bath. The energy of the system therefore
decreases, and since @S

@E

< 0, this results in a net entropy increase, which is what is demanded
by the Second Law of Thermodynamics.
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#18: GRADUATE STATISTICAL MECHANICS

PROBLEM: Consider an Ising model on a square lattice with Hamiltonian

Ĥ = �J
X
i2A

X
j2B

0
S
i

�
j

,

where the sum is over all nearest-neighbor pairs, such that i is on the A sublattice and j is
on the B sublattice (this is the meaning of the prime on the j sum), as depicted in Fig. 1.
The A sublattice spins take values S

i

2 {�1, 0,+1}, while the B sublattice spins take values
�
j

2 {�1,+1}.

Figure 1: The square lattice and its A and B sublattices.

(a) Make the mean field assumptions hS
i

i = mA for i 2 A and h�
j

i = mB for j 2 B. Find the
mean field free energy F (T,N,mA,mB). Adimensionalize as usual, writing ✓ ⌘ kBT/zJ
(with z = 4 for the square lattice) and f = F/zJN . Then write f(✓,mA,mB).

(b) Write down the two mean field equations (one for mA and one for mB).

(c) Expand the free energy f(✓,mA,mB) up to fourth order in the order parameters mA and
mB.

(d) The part of f(✓,mA,mB) which is quadratic in mA and mB may be written as a quadratic
form, i.e.

f(✓,mA,mB) = f
0

+ 1

2

�
mA mB

�✓M
11

M
12

M
21

M
22

◆✓
mA

mB

◆
+O�

m4

A,m
4

B

�
,

where the matrixM is symmetric, with componentsM
aa

0 which depend on ✓. The critical
temperature ✓

c

is identified as the largest value of ✓ for which det M(✓) = 0. Find ✓
c

and explain why this is the correct protocol to determine it.

SOLUTION: (a) Writing S
i

= mA+�S
i

and �
j

= mB+��
j

and dropping the terms proportional
to �S

i

��
j

, which are quadratic in fluctuations, one obtains the mean field Hamiltonian

ĤMF = 1

2

NzJmAmB � zJmB

X
i2A

S
i

� zJmA

X
j2B

�
j

,
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with z = 4 for the square lattice. Thus, the internal field on each A site is H
int,A

= zJmB,
and the internal field on each B site is H

int,B

= zJmA. The mean field free energy, FMF =
�kBT lnZMF, is then

FMF = 1

2

NzJmAmB � 1

2

NkBT ln
h
1 + 2 cosh(zJmB/kBT )

i
� 1

2

NkBT ln
h
2 cosh(zJmA/kBT )

i
.

Adimensionalizing,

f(✓,mA,mB) =
1

2

mAmB � 1

2

✓ ln
h
1 + 2 cosh(mB/✓)

i
� 1

2

✓ ln
h
2 cosh(mA/✓)

i
.

(b) The mean field equations are obtained from @f/@mA = 0 and @f/@mB = 0. Thus,

mA =
2 sinh(mB/✓)

1 + 2 cosh(mB/✓)

mB = tanh(mA/✓) .

(c) Using

ln
�
2 coshx

�
= ln 2 +

x2

2
� x4

12
+O(x6) , ln

�
1 + 2 coshx

�
= ln 3 +

x2

3
� x4

36
+O(x6) ,

we have

f(✓,mA,mB) = f
0

+ 1

2

mAmB � m2

A

4 ✓
� m2

B

6 ✓
+

m4

A

24 ✓3
+

m4

B

72 ✓3
+ . . . ,

with f
0

= �1

2

✓ ln 6.

(d) From the answer to part (c), we read o↵

M(✓) =

0@� 1

2✓

1

2

1

2

� 1

3✓

1A ,

from which we obtain det M = 1

6

✓�2 � 1

4

. Setting det M = 0 we obtain ✓
c

=
q

2

3

.
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#19: GRADUATE MATH

PROBLEM: The standard definitions of the direct and inverse Fourier transforms (FT) in D
dimensions are

ṽ
�
~k
�
=

Z
dDre�i

~

k·~rv (~r ) , v (~r ) =

Z
d

D
k

(2⇡)

D ei
~

k·~rṽ
�
~k
�
.

A well-known result is that the D = 3 FT of function v (~r ) = 1/r = 1/
p
x2 + y2 + z2 is equal

to ṽ
�
~k
�
= 4⇡/|~k|2. Calculate the 2D version of this result, that is, compute the D = 2 FT

ṽ
�
~k
�
of v (~r ) = 1/r = 1/

p
x2 + y2.

SOLUTION: The 2D version of function 1/r is equal to the 3D one with the third coordinate
z set to zero. We can represent this by means of the inverse 3D FT in the momentum space
(~q, q

z

), where ~q = (q
x

, q
y

):

1

r

=

Z
d

2
q

(2⇡)

2
dqz
2⇡

ei~q·~r+iqz ·0 4⇡

|~q |2+q

2
z
.

Substituting this into the integral for the 2D FT, we get

ṽ
�
~k
�
=

Z
d2re�i

~

k~r

Z
d

2
q

(2⇡)

2
dqz
2⇡

ei~q~r 4⇡

|~q |2+q

2
z
.

Doing the integration over r first, we obtain a factor �
�
~k � ~q

�
, which removes the ~q-integral,

leaving us with

ṽ
�
~k
�
=

Z
dqz
2⇡

4⇡

|~k|2+q

2
z
= 2⇡

|~k|
.
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#20: GRADUATE GENERAL

PROBLEM: Let us assume that the Earth has started as a ball of molten rock at uniform initial
temperature T

0

= 2000�C and has since gradually cooled down by radiation from the surface,
which remained at 0�C at all times t > 0. The Earth’s temperature as a function of depth x
is sketched by the solid lines in the Figure (the surface is at x = 0, and x increases toward the
interior). The temperature gradient at the surface � = @T/@x|

x=+0

has decreased over time,
from � = 1 at t = 0 to the present-day value of � = 0.037�C/m. Assume that the temperature

𝑇 

𝑇0 

𝑥 

𝑡 = 0 

𝑡 > 0 

distribution is described by the heat di↵usion equation

@T

@t

�D @

2
T

@x

2 = Q , 0 < x < 1 , D = 1.2⇥ 10�6m2s�1.

Not knowing about heat production by radioactive decay inside the Earth, Lord Kelvin (who
was the first to work on this problem) set Q to zero. (This was his famous mistake.) Rederive
Kelvin’s estimate for the age of the Earth in years, using 1 year = 3.15⇥ 107 s.

Hints : 1) Use the method of images to reformulate the problem on the full line by formally
extending function T (x, t) to negative x as shown by the dashed lines in the Figure. 2) The
retarded Green’s function of the di↵usion equation is G(x, t) = ✓(t) exp(�x2/ 4Dt)/

p
4⇡Dt .

SOLUTION: First, we extend the domain of x as suggested in the Hint. Second, we observe
that the gradient g(x, t) ⌘ @T/@x satisfies the heat di↵usion equation

@g

@t

�D @

2
g

@x

2 = 0

as well, with the initial value g(x, 0) = 2T
0

�(x). Therefore, g(x, t) is equal to 2T
0

times the
Green’s function of the heat equation:

g(x, t) = 2T0p
4⇡Dt

exp
⇣
� x

2

4Dt

⌘
.

For the surface gradient � = g(0, t) this implies

�(t) = T0p
⇡Dt

,

and so

t = 1

⇡D

⇣
T0
�

⌘
2

= 2.5⇥ 107 years .

The accepted estimate is two orders of magnitude longer, 4.5⇥ 109 years.


