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SECTION 1:

Problem 1 [Classical Mechanics] A comet, barely unbound by the sun (its total energy
vanishes), executes a parabolic orbit about it. At a certain time the comet is known to have a
speed v and impact parameter 5 with respect to the sun. You may neglect the comet’s mass m

with respect to the sun’s mass M. Find the perigee (distance of closest approach to the sun) of the
comet. ’
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SECTION 1:

Problem 2. [Classical Mechanics] Given a Hamiltonian H = g,p, —q,p, +bq; —agq; , show that

F; - pl _aql
q,

and F, = ¢q,q,

are constants of the motion. Are there any additional constants generated by Jacobi’s identity?
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SECTION 2:

Problem 3. [Electromagnetism] The metal bottom and piston of an airtight cylinder with
insulating walls form the plates of a parallel-plate capacitor. If the separation and pressure are
initially dy and p, respectively, when the capacitor is uncharged, show that the fractional
decrease in the plate separation f, when a potential difference V is applied, is given in SI units by

fa-1)= i[ﬁj
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SECTION 2:

PROBLEM 4. [Electomagnetism] A dipole p is situated a distance d above an infinite grounded
conducting plane. The dipole makes an angle # with the perpendicular to the plane. Using the
method of images find the potential that satisfies the stated boundary conditions. Derive an
expression for the torque on p. If the dipole is free to rotate, in what onentatlon will it come to

rest? .
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SECTION 3:

PROBLEM §: [Thermodynamics] Four moles of methane gas (chemical formula CHy) are
driven along the reversible cycle depicted below. Process AB is an isotherm at temperature 74 =
300K; BC is an adiabat; CD an isobar; and DA an isochore. The volumes at A, B, and C are V', =
1.00L, ¥g=5.00 L, and Vc = 7.00 L. Compute the pressure pg at B, the pressure pc at C, and the
total work W done per cycle.
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Solution

To compute py, use the ideal gas law:

_ nRTy
P = A
_ (4mol) - (8.314 J/mol - K) - (300K)
B 5.00 x 1073 m?
=2.00 x 10°Pa .

To find p, use the adiabatic equation of state d(pV?) = 0. For a polyatomic gas, v = %. Thus,

Pc=Pr- (VH/VC)’Y

4
= (2.00 x 10° Pa) - (2)3
7

=127 x 10°Pa .
To find the work done per cycle, we add the contributions from the individual legs:

W= WAB + WBC + WCD + WDA .

Compute each of these in turn:

B B
dv 1%
Wap = /pdV = nRT, /—V— =nRT,In <7:>
A A
v, V. RT v\
WB(‘—EB_E( pB B p( (_n A ] _B
v-1 v-1 Ve
i 1% Ve \ 7t
CDz/pdvzpc(VD_Vc)—”RTA‘ (Vf‘ —1> (VCB)
C
Wpa =0

Note that we used the First Law in computing Wye. Thus, we find

W = nRT, - {m (%) 41 (:BKC)Y“ ( 1)

= (4 mol) - (8.314J/mol - K) - (300K) - {1n5 + 1(
3

=11.6kJ .
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SECTION 3:

PROBLEM 6: [Statistical Mechanics/Quantum Mechanics] A large number of N identical spin
1/2 particles, each of mass m, are bound in a spherical region with volume V. Assume that these
particles are mutually non-interacting, except for the “collective” potential which binds them in
V. Approximate the single particle wave functions as plane waves, and assume that the particles
are non-relativistic. What is the mean squared speed of the particles when this system is in its
ground state?
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SECTION 4:

Problem 7. [Quantum Mechanics] A one-dimensional system is described by a wave function
w(x)= J.dkA(k)e"’"‘ , where k is an integration variable and A(k) are scalars. In terms of A(k):

a) Calculate the expectation value for the system's momentum p;

b) Calculate the variance of p. Remember o = < p’ > - ( p)z ;

¢) Calculate the probability distribution for the position x.

A measurement of the position x is made and a value x = a results.
d) Calculate the expectation value for the system's momentum p;
e) Calculate the variance of p;

Explain the results from a) — €) in terms of compatible operators, uncertainty relations, collapse

w of the wave function and all that. ':é
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SECTION 4:

Problem 8: [Quantum Mechanics] A positronium atom is in the 1S state with an external
magnetic field B along the z-axis. Assume that its Hamiltonian is

H=48,-S,+A-(S,-S,)=H,+1H,
with

_eB
mc

A

The subscripts 1 and 2 label the electron and positron respectively, 4 is a constant, and m is the
reduced mass. The term AH, is small relative to the term H.

a) What are the eigenvalues and eigenstates of Hy? Is there degeneracy?
b) Use first order perturbation theory to calculate the eigenvalues and eigenstates of H.
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SECTION 5:

Problem 9: [Experiment] A length of wire appears to be made of steel and you are asked to
confirm this by measuring the density. You do this by hanging weights from it until it vibrates in
its fundamental mode at 440 Hz (you have perfect pitch so that you do not need a frequency
counter). You are given a micrometer and find that the wire is 0.5 mm in diameter. Estimate the
mass of the weight that will be required if you use a piece of the wire that is 30 ¢m long.
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2) A length of wire appears to be made of steel and vou are asked to confirm this by
measuring its densitv.  You do this by hanging weights from it until it vibrates in its
fundamental mode at 440 Hz (vou have perfect pitch so that vou do not need a frequencey
counter).  You are given a micrometer and find that the wire is 03 mm i diameter.
Estimate the mass of the weight that will be required if vou use a picee of the wire that is
30 cm long.
Answer: The velocity of a wave on a stretched string is ¢= = where 7 is the tension
!

and g is the mass per unit length of the string. (It not remembered this should take no
more than 5 minutes to work out.) The fundamental mode is when the length of the string
1s 12 wavelength so that the fr. equency l\/ 2¢- A and the tension must be

= X212y
The density of steel is 7. 8 g'cm’ (musl common metals are about & g cc) so that the mass
per unit length is 1.5x107 g'em and 7 = 6.5x10° dynes or a mass of dhnut .7 kg.
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SECTION S:

Problem 10: [Experiment] A photodiode has a characteristic output current versus voltage drop

(I-V) relation given by I=1,(e""* ~1)~1,

int » Where the first term is the usual diode relation (f

denoting the reverse bias current, e the electronic charge, and k7 the thermal energy) and the
second term corresponds to the light induced current.

a)

0

c)

Suppose we connect the diode to a resistor, as shown below, and measure the voltage
drop V¥ with an ideal voltmeter. Assume that the internal resistance of the photodiode is
infinite. What is the constraint on R in order to insure an approximately linear measure of
the light, i.e., to insure that V' = IR =~ [, R?

4_
'y
/\Ligh‘/\:zeRV
v v —-

Suppose that, instead of connecting the diode directly to a resistor, we use a current to
voltage converter as shown for the op-amp configuration below. Assume that the
response for the op-amp can be taken as ¥, = A(V, —V_) and that the impedance of the
inputs V4 and V. are infinite. What is the relation between ¥} and the input current? What
happensas 4 —> o ?

R

/\/

Vo

iV

v

What, if any, is the constraint on R in the op-amp/photodiode circuit in order to insure an
approximately linear measure of the light, i.e., to insure V o /., (Hint: think of what

resistance the input sees)? What happens as 4 - ?

S‘o LT oS a ,‘){, C coteEsSpud 10

Iy 243 {‘/’? IL_J__O_T (45%)
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This is a problem in electronics that is concerned with the measurement of light with a
photodiode. The I-V (output current versus voltage drop) relation for this device is:

I=1,(eY¥ - 1) - L,

where the first term is the usual diode relation (I, denoted the reverse bias current, e
denotes the electronic charge and kT corresponds to the thermal energy) and the second
term corresponds to the light induced current.

1. Suppose we connect the diode to a resistor, as shown below, and measure the voltage
drop, V, with an ideal voltmeter. Assume that the internal resistance of the phetodiode is

infinite. G—J—:-
7 % R ‘\T/v
Light
ight v% 1

What is the constraint on R in order to insure an approximately linear measure of the light,
i.e., to insure that V=1R =RI,

2. Suppose that, instead of connecting the diode directly to a resistor, you use a current to
voltage converter as shown for the op-amp configuration below: Note that the equation for
the op-amp may be taken as V,= A (V, - V) and that the impedance of the inputs V, and V<
may be taken as infinite. R

1) ;

What is the relation between V_ and the input current? What happens asA — oo ?

7

3. What, if any, is the constraint on R in the op-amp/photodiode circuit in order to insure

an approximately linear measure of the light, i.e., to insure that V o< L, (Hint: think of
what resistance the input sees);} Whe? hegpons «s A—>®7

4. Suppose that the photocurrents that you wish to measure only have a frequency content
up to a value f,, How might you add a capacitor to the circuit in parts 2 and 3 so that the
op-amp/photodiode circuit has a similar frequency response (sketch the circuit)?

5. What would be the value of the capacitor, denoted C, that you would use with your
scheme?



6. The resistor in the circuit of parts 2 and 3 adds a Johnson noise whose variance, 81%,
has the form 813 = 4 kT Av / R, where Av is the frequency bandwidth. Further, the

photocurrent has a variance due to the shot effect of the form 813 = 2 e L, Av. These
variances may be modeled as additional current sources, as shown below (we assume here
that the op-amp per se generates no noise).

ST,
=

I\/

%1, r >

Derive an expression for the measured variance in the output voltage, i.e., 8V, (hint:

.V,

variances add). Assume that A — oo for simplicity.

7. What is the constraint on the value of R to insure that only the shot-effect contributes to
the noise? Assume that A — oo for simplicity.

8. What is the ratio of signal current to noise current when only the shot effect dominates
(hint: the answer to this part does not depend on that for part 7)?

9. Assuming that you answered parts 4 and 5 correctly, what is the approximate relation
between Av and R and C?
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SECTION 1:

Problem 11: [Mathematics] Using a suitable contour integral, show that

°t cos(bx) T _w
,[ 7, dr=—e"
x*+a a

-0

where a and b are real, positive numbers.



1 S T =

Selfiom <

2 &)

! (et Cowngy r‘-vr tl C-G\b\ﬂ’ "'\*"j""*/l

ﬁi&z

IC-.j

C

Maij £ oo,

///(‘1\(1 -b;c ‘(‘M\L{’

p 2
2 + &

d”‘vb '6\ Cn]te'vv os .vf‘,ew.
R, R i,

Wk

da

ah

-R 0

i f 2

Z‘ﬁdamwx %F@ =
JW‘ ‘;‘A'TJ J"j Mo semi oy e Vemiches .
[ 8 2 do s, Jordans Aemms
need neh Ae ovediad ])
L Rl Ry S R -0, IC——-> { c
-

¥+ 6

= A=

—_— .

xL-+- &l

‘}'%/\fw,‘ ’F(*) Aes T k'"‘ﬂ’l‘ M’ &4 =14 & e

“‘9*7 &L f"‘f“ﬂw O CMM«A’-‘ -——‘U.\; rc)evam}' ‘rc's-.‘g-«“

. 4 2 - &l
/t&' le €
U 2=ia 216
— &
Ur,  Tpmomi o o w6k
f 5/ C'—) a1 - 2!:6\ - =

3’WVL'\‘ZJ’) s SR>,



ID Number PART 11 Score

PHYSICS DEPARTMENTAL EXAM -- FALL 2001

SECTION 1:

Problem 12: [Mathematics] Using a suitable contour integral, show that

°]- X -x+2 _Sm
2 x*+10x* +9 12
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SECTION 2:

Problem 13: [Classical Mechanics] A particle of charge e and mass m moves in a constant,
uniform magnetic field B. Write down the Lagrangian, and find the conserved quantity
corresponding to translation by a. (Note that a need not be parallel to B.) If you cannot do the
more general problem, assume B = Bz, pick a gauge, and find the generator for x, y, and z
translation. ’
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SECTION 2:

PROBLEM 14: [Classical Mechanics] A particle moves along the curve

x=1(2¢ +sin2¢) and y =I(1~cos 2¢)

in a uniform gravitational field in the negative y direction. Find the oscillation period using
action angle variables. (Assume that the maximum value of g <7 /2.)
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PHYSICS DEPARTMENTAL EXAM - FALL 2001

SECTION 3:

PROBLEM 15: [Electrodynamics] The region of space with z < 0 is vacuum, while that with z
> 0 is filled with a conductor of conductivity o (which is large but finite) and permeability s
The surface at z = 0 — & (i.e.,'just outside the conductor) is subjected to the magnetic field
H ~ H,cos(wt)x. The electric field at z = 0 — ¢ is, of course, approximately normal to the

conductor. The frequency @ is sufficiently small so that you can neglect the displacement current
term (D/ 5t =0) in Maxwell’s equations. Also, because of the finite conductivity, the currents
in the conductor do not lie only on the surface.
a) Find the electric and magnetic fields for z > 0; and
b) Find the time averaged power per unit area flowing through the surface z = zo for
arbitrary constant zo > 0.
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PHYSICS DEPARTMENTAL EXAM -- FALL 2001

SECTION 3:

PROBLEM 16: [Electrodynamics] Consider scattering of an electromagnetic wave, of low
frequency o and electric field Ey,, off of a small dielectric sphere of radius a; the sphere has u=
1 and permitivity e, and the rest of space is vacuum.

a) Find the induced dipole moment of the sphere;

b) Find the scattered Eg,; and Hg . in the far (radiation) zone; and

c) Find the time-averaged power radiated per unit solid angle dP/d(2.
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SECTION 4:

Problem 17: [Quantum Mechanics] A spherically symmetric scattering potential is given by

V>0 ifr<r
V(r)= )
0 ifr>r,

a) For low-energy scattering events, find the leading-order approximation to the s-wave

phase shift; and
b) Find the leading-order approximation to the total scattering cross section in the low
energy limit.

(You may need to know that

1( 8 r
Vi==| —r|-
r [6r2 r) hr?

where L denotes the angular momentum operator.)
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SECTION 4:

Problem 18: [Quantum Mechanics] Consider two nucleons in a nucleus. Regard the strong
interaction as allowing the nucleons to be treated as nearly independent particles that can be
characterized, among other things, as having “isospin”, where isolated neutrons have isospin
+1/2 and protons have —1/2. Assume that the residual Hamiltonian (left over after we ignore the
strong interaction and consider a pure isospin piece) is spherically symmetric in the joint isospin
space.

a) Write down an expression for the residual Hamiltonian and solve for all the energy
eigenvalues and eigenfunctions;

b) The three nuclei *He, °Li, and ®Be have approximately equal energy levels. SLi has
another level about 2 MeV below the other nearly equal levels. Show how the
Hamiltonian in part (a) can be used to explain the energy level structure of the three
nuclei and to determine the parameter(s) in the Hamiltonian.
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SECTION S:

Problem 19: [Relativistic Dynamics] Two infinite plates are at x = 0 and x = d. The plate at x =
d has voltage V relative to that at x = 0. There is also a constant magnetic field B = Boz. An
electron (of mass m) is emitted at zero initial velocity from the plate at x = 0, and the sign of V'is
such that the electron is attracted to the plate at x = d. Find the minimum voltage ¥ such that the
electron makes it to the plate at x = d (rather than just cyclotron rotating between the plates).
Treat this problem fully relativistically!
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SECTION 5:

Problem 20: [Statistical Mechanics] A gas of nonrelativistic spin-1/2 fermions is confined by a

parabolic trap described by the potential V(r)= %mmzrz. Analyze this system at 7 = 0 using
Thomas-Fermi theory. )

a) Show that the system forms a droplet of finite radius g, i.e., show that the fermion density
n(r) vanishes for  >a. Find the density n(r) in terms of the fermion mass m, the trap
frequency o, the droplet size a, and physical constants;

b) Find the total number of particles in the trap in terms of m, @, a, and physical constants.
If you get stuck with an integral you don’t know how to do, make sure you at least
dimensionalize it;

¢) Holding the number of fermions constant, the trap frequency is doubled while T is
maintained at zero. What happens to the drop radius?
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Solution

(a) We set

2
_pp("') 1
h= o T et

and obtain a spherically symmetric solution

with p = %mw2a2. Next find the density,

ntr) =2 [ 42 0e(r) 1)

_ pi(r)
’ 372h3
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(b) Now we integrate to get N:
N = / d*rn(r)

4 273 1
= — (mwa ) dra? (1 - z%)%? .
0

h

The dimensionless integral (with z = r/a) is easily performed using the trigonometric substitution

z = sin@:

1
I= / dza:2(1 - x2)3/2
0

= / *do (cos* 6 — cos® 0)
0

_m [1 (4 1 /6
-3 [ ()-%()]
o
=33
Hence, the equation of state is
N = 1 (mwa2)3
T2\ h ' ®

(c) Keeping dT = dN = 0 we use the above equation of state and find d(wa?) = 0. Thus if w is
doubled, the droplet size must decrease by a factor of v/2.



