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Dept. Exam Fall 2000

Part One of the Dept.Exam contains 10 problems from 5 areas of under-
graduate physics: mechanics, E&M, quantum mechanics, thermodynamics,

and experimental physics.

You should attempt 7 of these problems. You must select at least one
problem from each of the five categories.

Good luck!
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1. Undereraduate Mechanics

You are attending the graduate student BBQ, which is held on the beach. Someone hands
you an open can, which is still full. Before you put it down on the uneven sand, you
reason: “Now the center of gravity is at the center of the can. If 1drink alittle, the
center of gravity will be lowered, and the stability of the can will be improved. If I empty
the can, the center of gravity will be at the center of the can again. So there must be an
optimum in between". You know that an empty can has a mass mc = 100 g, and that it
holds mp = 300 g of beer. How much beer should you leave in the can for optimum

stability?
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2. Undergraduate Mechanics

Two stars, with masses m and m,, rotate around each other, with separa-

tion 7 = ro(coswt, sinwt, 0), with ro and w constant.

a) Verify that this is indeed a solution of the equations of motion and find w

in terms of the other quantities.

b) Suppose that m; =m2 = 1/, the mass of our sun, and rp = %Rse, half of
the distance between the earth and the sun. Find the approximate rotation

period T, in units of years.
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3. Undergraduate E & M

0 .
At room temperature (20 C), a square frame welded together from four | m long iron
bars is pushed with velocity v = 20 m/s into a homogeneous sharply localized magnetic

field B = 2T.

(a) What is the temperature of the iron frame immediately after the experiment?

(b) The frame is pulled out of the field region with the same velocity v. What is the
temperature now? '

(density of iron p =7870kg m3, specific heat C =460J kg™ K™, resistivity
pEg =0.098x1070Qm).

B=2T
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4. Undergraduate E&M

An electromagnetic plane wave moves, in vacuo, with angular frequency w

and electric field polarized along the Z axis, with maximum amplitude Ej.

At 7= 0, t = 0, the electric and magnetic fields are measured to be
E,=0, E,=0, E.=E,

B,=0, B,=?(B,>0), B.=?

Solve for E(ZF,t) and B(%,1) in terms of w, Ey, and ¢ (the speed of light).



e R |
neT3; z:27FU Jellex 55 Pace &/%0
=
= £~ 2 dos ( \‘4 - “—(,J{">
%u—eg g = Eog _r—i A e

by
o~ —_—
R = B, cos(?'?—b—*u&%ﬂ
— = = A
.
N P {
v@=e 2 kBT V»
> A - S
TxE L 2B = kx&EI=25
S
—_ o i - N
FB= g2l - kxB - E"
N A
=T =0 = By=° Bo =& Y
A
—_—
- — W
8, ko= —é’x
D AN .
E = Z cos (,\A.lx er\)‘(.‘\
- < S
R



ID Number PART I Score

PHYSICS DEPARTMENTAL EXAM - Fall 2000

5. Undereraduate Quantum Mechanics

A beam of silver atoms is emitted from an oven, which contains silver vapor at a
temperature of 1200K. The beam is collimated by 2 small circular aperture of diameter a.
The silver atoms create a spot of diameter D on a screen at a distance [ from the oven.

(2) Use the uncertainty principle to show that D cannot be made arbitrarily small by
reducing a.

(b) Calculate the minimum diameter Drin and the optimum aperture size aqp for /=1m.

(Assume for simplicity that all atoms have identical momentum in the direction of the
beam. mag= 1.8 - 105 kg, k= 1.38 - 10 P VK, 7i=1.05-10"*]s))
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6. Undergraduate Quantum Mechanics

Consider a one dimensional quantum mechanics scattering problem, involving
a particle of mass m moving in the potential

. V, 0<z<L
V — 0 = -~
(z) { 0 otherwise.

The incoming particle comes from z = —o0, moving toward z = +00. Sup-
pose that its energy is chosen to be precisely E = 14. Find the transmission

and reflection probabilities.
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7. Undereraduate Thermodynamics

¢
B. Metal 4. shown in red, has work function ©.4. znd metal B, shown in blue. has work
function é3. (The work function of a metal is the work required to remove zn electron
from the metzl to a state of rest infinitely far from the metel: it is related to the chemical

potentizl of electrons in the metzl.) Clezrly. there is no voliage diference between .4 end
B. Find the cleciric feld, E, between the capacitor plates.



/. Undergraduate Thermal Physics Problem

The capacitor and leads shown above are constructed from two diferent metals. 4 and
B. Metal 4. shown in red. has work function 6.4. and metal B, shown in blue. has work
function og. (The work function of a metal is the work required to remove an electron
from the metal to a state of rest infinitely far from the metal: it is related to the chemical
potential of electrons in the metal.) Clearly, there is no voltage diference between 4 and
B. Find the electric fleld. E. between the capacitor plates.

Solution

The work required to carry an electron from inside the B plate around the circuit is
(2) op to remove the electron from the plate to vacuum just outside the plate.
(b) €EL to move the electron to the vacuum just outside the 4 plate.
(¢) —o4 1o move the electron into the A plate.
No work is required to move the electron from inside the A plate to inside the B plate via
the all metallic route. Therefore.

op+eEL—-064=0.

and the answer is ‘ ,
04— OB
E=-——r—mo
el
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8. Undereraduate Thermodynamics

The following describes a method to measure the specific heat ratio y = ¢,/cy of a gas.
The gas, assumed ideal, is confined within a vertical cylindrical container and supports a
freely moving piston of mass m. The piston and cylinder both have the same cross-
sectional area A. Atmospheric pressure is po, and when the piston is in equilibrium under
the influence of gravity and the gas pressure, the volume of the gas is Vy. The piston is
now displaced slightly from its equilibrium position and is found to oscillate about this
position with frequency v. The oscillations are slow enough that the gas always remains
in internal equilibrium, but fast enough so that the gas cannot exchange heat with the

outside. Express y in terms of m, A, po, Vo, and V.
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9. Undergraduate Experiment

In the experimental setup (see figure) the light emitted by an LED is reflected back to a
photo diode (PD). The light of the LED is modulated with a 50 MHz sine wave. This
signal, and a signal that is proportional to the current through the PD, are connected to the
horizontal and vertical plates of an oscilloscope. The phase is adjusted such that a
straight line (b) is seen. Now the mirrors are moved a distance / = 25 cm, and the ellipse
(a) is observed. From these data, determine the speed of light c.

el e
n
o
e
eSS
an
N




SO LT - Ow

-TL\e, >x - S.. (/\KL :S X = >( Siin (co‘é’)

TL\Q - \. b\c.(, : S
7 SJ / 7 —\( {-,+()03

TL\E’, L: S&‘ou\ LL\ose, .v S =

_‘L\K S:ﬂ éeLJ tJ 4 \/ 1 c.uaL \( =O§ 7/SW\7ﬁ Og
S 70 £2 yal =D AIL.' -—30——”61- gs =

cC= 2‘2 = 3- (O U\A/.S

—

At




ID Number PART 1 : Score

PHYSICS DEPARTMENTAL EXAM - Fall 2000

10. Undereraduate Experiment

40K decays through Bemission with a decay constant M=4.75-107" yr 1in *Ca, and
through K capture with A;= 0.585 - 10 ' yr ™" in “’Ar. A mineral sample contains 4.21%
K. Of the total K content only 0.0119% is the isotope “’K. In addition, 0.000088% “Ar
are found in the sample. How old is the mineral? (Assume that the sample did not
contain any Ar when it was formed.)
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PART II
Section 1: Problem 11 Problem 12
Section 2: Problem 13 Problem 14
Section 3: Problem 15 Problém 16
Section 4: Problem 17 Problem 18
Section 5: Problem 19 Problem 20

Part Two of the Dept.Exam contains 10 problems from 5 areas of gradu.ate
physics: classical mechanics, E&M, quantum mechanics, statistical physics,

and mathematical methods.

You should attempt 7 of these problems. You must select at least one
problem from each of the five categories. '

Good luck!
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11. Graduate Classical Mechanics

A small block, of mass m, rests on top of a frictionless sphere, of radius R.
The sphere is fixed to the ground and does not move. The gravitational
acceleration is g (constant and downward, as usual). Let r and ¢ be the
coordinates of the block, with r its radial distance from the center of the

sphere (clearly 7 > R) and ¢ its angle, with ¢ = 0 at the top of the sphere.

a) Write the Lagrangian and equations of motion for the block, in terms of

r(t) and ¢(t), for general r > R.

b) Suppose the block starts at rest near the top, at r(t = 0) = R and
é(t = 0) = e = 0. Find the critical value @. of ¢ where the block loses

contact with the sphere.

¢) Find the time T that it takes for the block to lose contact with the sphere,
i.e. solve ¢(t = T) = ¢., as a function of g, R, ¢, and ¢. (you don’t need
to numerically evaluate it). As a check, you should find T — oo for € — 0,
since the block could bé in a meta-stable equilibrium if it rests precisely at

the top of the sphere.
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12. Graduate Classical Mechanics

Consider the motion of a particle, of mass m, in an anharmonic oscillator

potential. Its position is governed by

d’z .
-a-t-:_,-+w§:z:+a:c2=0, a > 0.

Do not assume « is small.
a) Sketch the potential energy, labelling all extrema.

b) Suppose that the particle has z(¢t = 0) = 0 and z(t = 0) = v. What is the
condition on v in order to have stable oscillations? What happens if v does
not satisfy this condition? Does the sign of the initial v matter for the issue

of stability?

¢) Suppose that the particle is exhibiting small stable oscillations. Its posi-
tion z(t) can be found via perturbation theory, z = () + 1 + () +
with z) = esinwt, at the oscillation frequency w = wo + o+ w@ 4+
The perturbative expansion is order-by-order in the small parameter ¢, with
w™ and the magnitude of (™ both order €. Find the time averaged dis-

placement, (z), to order €.
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13. Graduate Electricity and Magnetism

When an electromagnetic wave is incident normally on a perfectly conducting plane (a
mirror) at rest, the reflection coefficient is unity. What is the reflection coefficient (as
measured in the laboratory frame) when the mirror moves with velocity v in the direction

of propagation of the incident wave?
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14. Graduate Electricity and Magnetism

A solid superconducting sphere of radius R is placed in a uniform external P magnetic
field, B. Assuming that surface currents exclude the magnetic field from the interior of

the sphere, determine the magnetic field in the region outside the sphere. Also, determine
the surface current. :
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15. Graduate Quantum Mechanics

The two-particle states K° and K 9 can be considered as a basis set for the

two-state system with the Hamiltonian:

A=iT A-il
H=h[.~1-z‘r .4—71“}’

where the decay term I' > 0 makes the Hamiltonians non-hermitian.

(a) If the particle is initially K, find the probability for it being found as

the same particle in a subsequent time ¢.

(b) Discuss the time evolution of the total probability in both states K° and

Ko



Solution

(2) By changing the energy zero, we remove the A terms from the diagonal

elements of the Hamiltonian

¢ A-iT
H=[_4—1I‘ T }

where the energy is measured in units of A = 1.

If the state at time ¢ is given by

48]

B

with the initial state

the equation of motions are

dc ) )
Z—gtl = —zl"c1 + (.4 - 1F)C2
deg X )
z——d: = —iTe+ (A —-1iD)a.

A transformation

[8]- 6]

Jeads to the simplified equations

da ,
_(-i?l- = (—144 - 1')02
d .
% = (—1.—1 - F)al.

Solution of these equations with the initial conditions yields

[ cl(t) ] B e~ Tt [e(-m—r)t + e(iA+I‘)t ]

cz(t) = "2" e(—i.—\—l‘)t _ e(iA-i—l‘)t
The probability in state K 0is

WP = % ¢~ [cosh(2T'7) + cos(2A1)]




(b) The probability for the KO state is
lea (1)) = %e"m (cosh(2T't) — cos(24t)].
The total probability is
ley ()2 + le(t) = eIt cosh(2It)

The model decay process reduces the total particle density

value.

to half of its initial

1S
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16. Graduate Quantum Mechanics

A hydrogen atom is placed in a static electric field of 10 V/m pointing in

the z direction.

(a) Find the change in energies of the n = 2 levels in electron volts and the
new eigenfunctions in terms of the old ones in the zero field. [Hint: If {nfm)

denotes the energy eigenstates of hydrogen in zero field, then
(210|z|200) = —3ao,
where ap = 0.5 x 107! m is the Bohr radius.]
(b) If a circularly polarized light propagating along the z direction is used

with the electric vector rotating in the clockwise direction if sighted along

the positive z direction, deduce which of the new n = 2 states can be excited.



Solution — The ratio of the perturbation to the binding energy is approxi-

mately,
e&.a0/Eo = 10° €V'/m 0.5 x 1071° m/13.6 eV = 4 x 107°,

which is sufficiently small for the first-order degenerate perturbation the-
ory to be valid. The perturbation Hamiltonian for the degenerate levels

1200), |211), [210), |211) is

0010
0 000
He = — — 3¢e€.a9 1000
0 00O

The eigenvalues can be found by symmetry, giving the energy shifts:
AEns =0,
with the states unchanged; and the (200) and (210) states split into
AE. = £3ef.a0 = £1.5 X 1074 eV,
with the states,

[1200) +'1210>].

[N

(b) The polarization vector is given by

£ = (3 +§)e ™

Since this transforms like the Y30 component, the matrix element (2¢m|£|100)

is non-vanishing only if £=1,m = 1.
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17. Graduate Stat. Mech.
Consider a Fermi gas of NV electrons, at temperature 7 = 0, in a 3d volume
V. Ignore electric repulsion. The momentum levels are filled to the Fermi
surface pp, with p > pr empty.
a) Evaluate pr for general .V and V.

b) Find the energy as a function of the mass m, and .V and V.

¢) Find the number of collisions of the electrons with the walls per unit time,

per unit area of the wall.

d) Explain why your answers for the above parts behave as they do in the

limit & — 0.
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18. Graduate Stat. Mech.

A gas of classical identical particles, interacting by the two-body potential
U(r) = UyIn(a/r)O(a—T1)

where ©(z) is the set function, is confined to a container.
a) Write a formal expression for the grand partition function =, to second
order in the fugacity z = e*/*87, as a function of the temperature T, volume

V", and potential U(r).

b) Determine the pressure p = p(z,T) to second order in the fugacity. (Hint:

recall that In= = Q/kpT = —pV/kgT, with Q extensive.)
¢) Determine the density n = n(z,T) to second order in the fugacity.

d) Derive the equation of state p = p(n, T) to second order in the density n.



UC8D P=YSICS #88 233 0073 fe/e 00 2:28 Pii; Jeifpx  £507;
2
Solution
To second order in the censity, {ne has
;:k,T:n—-Eznz- ,
where
r rr . - LY
Ba= -1 /d’r !c"“'“‘"“ =1

Jnterlude = This resuit 1s easily derived by teking the logerithm of the grzad partition functicn,

le
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where Ap = \'2whz/m;:5T is the thermal wavelength, which appears upon performing the momen-

um integrals, viz.

o 2Ty = A3
. ),, exp{-p?i2mkeT) = A7

Reczlling thzt InZ = QT = -;-r’;!',-’ks_T and ca out the Teyvicr series expansion to seccnd

rrving

crder in the fugacity, cne immediately cltains the expzusicn for oiz, T)

;LT_J'—pU#/ﬁﬂﬂ;“,

e - . . - . e A P
where f(r) = ¢ Uir)/keT — 1 is the Mayer function. Next, cne invekes n = —=V7HEQ Sulry =

6(pfksT)/81n 2 to obtain a series expansion for n(2, T):

n= :/\}3+22A.}5 /dar,‘(r)+... .

Finally, one inverts n(z,T) to find :{n, T) and substitutes jnto the pressure equaticn, yielding

p_."kBT=n+an2-r... ,

with &, = —%fd&rf(r).

(a) The Mayer function fur our prebiem is

Jc(r) = [(%)u,/kir - l] Ofa -- r) .

“Chis is continuous and strictly nonpesitive for r € '0, 00). Integrating, we find

Uo

B:(T) = tnd® CreRT
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19. Graduate Phvs. Methods

The Fourier transform F(s) is defined as

F(s)= T f(x) e 2% dx

note that
f(x) = j F(s) e ds .

The functions IT, A, and sinc are defined as follows:

I

>
|.r| <

o)

{0
IT(x)=
1

19|~

{O |\| >1
A(x)=
1- [\l

le <1

. sinzx
sinc(x) =

189

a) Show that the Fourier transform of Il(x) is sinc(s).

b) Show that II(x)*II(x)= A(x)

(* denotes the convolution operator f*g = [f(u)g(x—u)du.)

-0

c) Using the results from a) and b), and Parseval’s theorem (a.k.a. the power theorem),

show that | sinc4(x)dx=.§_

-0
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20. Graduate Math Methods

The function
2
oo -X
f(z)= [ dx <
—o x—z

has no poles in the finite z - plane, but does have a branch cut. Locate the branch cut and
determine the change in the value of f(z) across the cut.
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