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Departmental Written Exam FA06

SOlution~

#1: UNDERGRADUATE MECHANICS

PROBLEM: A rope of uniform linear density j.1, and totallengthL is suspended
from one end .. It hangs vertically under its own weight. It is lightly tapped
at thelowerend. How long does it.take for the perturbation to reach the top
of the rope?

#1 : UNDERGRADUATE MECHANICS

SOLUTION: The tension at heightz is T = j.1,gz, so the local wave velocity is

viz) = /T~Z)=ffi

The propagation timeis

,"

t _ . rL"dz rL dz' =~ Iii
JoV(z)= Jo .\/9£ b1V"7

.. ~ (~];
. I

"

;.'t

2



,--","~", ..••.. """,......•...

"

Departmentill Written Exam FA06 '

Solution ~

!

#2: UNDERGRADtjATE MECHANICS

PROBLEM : A bead of mass m is constrained to mOvealong a rigid, frictionless
wire attached to a rotating disk at an angle /) ':::;~ to the plane of the disk, ,
and at a radius Rfrom' the origin, T4e wire rotates with the disk with

' angular velocity w, At the origin of the disk is a mass M which exerts a
gravitatio~al force on m. Ignore thegravitat~onal force of the Earth,

(a) If x is the position" of the bead along the wire; write dOWnthe La-
grangian function for the bead.

· (b) Derive the equation of motion for the bead using Lagrange's equation.'

#2 : UNDERGRADUATE MECHANICS

SOLUTION :a) .

, J

u=

Therefore

, 1. 1 ' '
T ,.,2Tn:t2 +2m[w(R + x cosJl)]2

GMrn GMWl-
[(R -+ x cos {))2 +(xsin())2]~ [R2 + 2Rxcos ()+ x2I~

"

•• <~

. 1,' 1 " OMf1I), .L= T - U ' -2mx2 +-2m[w(R + xCOS())]2 + " " " ',1 •

',' ".' [R2+ 2Rx cos ()+ x2] 2
b)

Therefore

doL 8£. "
dta:t ~ ax - o.
d 8£ ..
dto:t = mx.

8£ 2(R' ()) () ,', GM(Rcos B+x) h'\ .-.' = mw +x cos cos -' , . " 3 •

8x [R2 + 2Rx cos ()+ x2] 2

.... " 2('R' , ,,()) () GM(Rcos() +x)""'llmx = mw . + x cos cos - , ~', '3 •

[R2 + 2Rxcos ()+x2] 2

\.
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Solution 3

• J

. #3 : UNDERGRADUATE ELECTROMAGNETISM

PROBLEM:A conducting sphere, of radius R, is in an external electric field
Eext ='.Eoz. ~ ,".~

, (a) Find the potentia:1(jJ(r, B) everywhere'.

(b) Find the electric field E (in spherical coorciir:ates) just outside the
'. - .....".-': ..,:.>~t-.",,:.~conductor, atr = R. " " ;' -~',:<:_ .'

.,.. . ~

(c) Suppose that a cut is made at the equator of the conductor( at z ::'0). >-'.,', '-
Howinuch force is required to hold the two hemispheres together?

,#3 : UNDERGRADUATE ELECTROMAGNETISM

SOLUTION: (a) The potential i~side the conductor (r 5:R) is</J= 0, andthe-- iI~
potentialoutside(r2': R) is </J(r, (J) = -Eo(r - ~:)cos (J. _".

.'-- - " ... --, A
(b) The electric field just outside, at r = R, is E ~ -fftlr=R =3Eo cos (J. ,,. •

(c) The energy density is ~€oE2, which is non-zero outside the conductor
and zero,inside. This gives a pressure

dF 1 -- "'2~ 9 2 2 ~
dA = 2EOE r= 2:oEo cos (Jr.

Integrating this ove~the hemisphere, we ~ave -,_

F = Z~EO.E~ R21. '. cos3 (Jdn.
2 , hemisphere

This ,givesfor the force required to hold the hemispheres together:

91[ ~- 2
F = 7EoEoR .

\
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Solution '1

#4 : UNI)ERGRADUA1'E "ELBCTROMAGNETISM'

PROBLEM: There is one conducting Bheet in the plane Z ,~ o and another in
-the plane Z = L. Thelowersheet (i.e. Z = 0) carries charge per Jnit area.' ,a- andthe upper one carries ,-a-,wliere a- > O. Also, the'lower sheet carries _,_
current per unit lengthfjK and the upper one carries -fjK. The sheets
,extend to ::l:oo in x and y.

/
(a) Determine the scalar potential and the vector potential in the region

between the two sheets .. " , ,

(b) Suppose that the. particle is ejected from the lower, sheet with velocity'
v = zvo. What is the minimum value of vo such that the electron will
reach the upper sheet? Hint: One way to solve this problem is to start
with the Lagrangian.

#4 :'UNDERGRADUATE ELECTROMAGNETISM
". \

SOLUTION : The fields are E -..za / Eo and 13 -- xj-£oK inside the sheets (and
zero outside). Integrate to find the potentials, using the: fact that they can
only depend on z (symmetry): this gives </J --Za-/EO and A = -yzj-£oK.

'-

The Lagrangian is L, = ~miP+qv. A - qcjJ._Translation invariance in the x
and ydirections imply that Px -- mpx andpy • mv~ -rjzj-£oK are conserved.
With the given initial velocity, this gives Vx = 0 and mvy = qZj-£oK. Also
E = ~miP+qcjJ is conserved; so ~m(v;+v;)-qZa-/EO= ~mv5. The minimum
Vo is such that vz(z = LJ =0, s02~(qL/J,oK)2 - qLa-/Eo ~mv5.. '

(

5



po ....,.,--"

i
f

Departmental Written Exam FA06

Solution S

#5. :J,.UNI:rERGRAIJUATE QUANTUM MECHANICS

. PROBLEM: A particl~ with mass m.andenergyE moves in the one-dimensional
potentiaLV(x) given by V(x) =0 for x <0and V(x) :....:-va for x ~ 0 where
va ~ o.

(a) Solve the time-independent Schodinger equation for the 'wavefunction
. 'l/J(x) at all values 0'£ x with the boundary condition that theincident
flux is from x = -00. .

(b) Comp'utethe transmission .and reflection probabilities from your results
in {a;)~'...;. . .
'.,- , . f\ ;

(c) What are the transmission and creflection probabilities in the limits
va. --+ ,0 .and va --+ oo?

.#5 : UNDERGRADUATE qUANTUM MECHANICS

SOLUTION: S £E NEX,'P.A &,t I

B .

6
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-#6: UNDERGRADUATE QUANTUM' MECHANICS

PROBLEM: A one dimensional Harmonic Oscillator has momentum p, mass
m, and angular frequency w. Itis subject to a perturbation with a potential
energy U = ~X4 ~here Xis suitably small so that perturbation theory is
applicable.

- (a) Derive theexpresssions for a and at in terms oix and p using the fact
that they satisfy [a, at] = 1, H = hw{ata + 1/2).

(b) Calcu'late the energy shift tlEn of the state 'In) due to the perturbation
to first order in A, using creation and annihilation operators. _-

#6 : UNDERGRADUATE QUANTUM MECHANICS

SOLUTION: S£E NEXT PA (,.e..

(
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Solution 1

#7 : .UNDERGRAQUATE STATISTICAL .MECHANICS

PROBLEM: An ideal heat engine is powered by two reservoirs of equal heat
capacity C, which is temperature independent. Ast~e engine works, the
reservoirs gradually equilibrate. Find the overall efficiEmcyof-the engine
from the starting point where the reservoirs are at temperatures T1 and T2

(T2 <T1) to the mornent()f complete equilibration. Efficiency is defined as
the workd()ne divided by the heat supplied by theh~tter reservoir

#7 : UNDERGRADUATE STATISTICAL M-ECHANICS .

SOLUTION: Let Tfbe the final equilibrium temperature, Qi the heat removed
. ... .. .'. ...). .

from the hotter reservoir, and Q2 the heat transferred to the cooler reservoir.
Then the efficiency is given by the work done divided by the heat supplied
by the. hotter resE;)rvoir,

,

e - Q1 ~Q2 _GCT1 - Tj) - G(Tj - T2) _ 1- Tj ~T2
.._ - (h. - .. ~(T1 ~ Tj) -. T1-Tj

To find TJ, ;ecan use the conservation of entropy.

l .
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Solution

# 8: UNDERGRADUATE STATISTICAL MECHANICS

PROBLEM: A mass M = 1g of water at 20°C is forced through an insulated
porous plug under a pressure of lQ4 atm into a lab where the pressure is 1 atm.
Find the amount of water converted into steam. Assume that the density of
water is constant, its specific heat is C = 1calj(g XO C), and the latent heat of
evaporation is L = 540cal/g. Here 1cal = 4.18 J.

# 8: UNDERGRADUATE STATISTICAL MECHANICS

SOLUTION: What is described is the 118UalJoule-Thompson process (also called
"throttling" in chemistry and engineering). This process conserves enthalpy
H = U+PV because the entropy is unchanged and because the two pressures
on each side of the plug are constant. If, in the final state, a fraction x < 1 of
the liquid is converted into steam, we must have

h~== (1 - x)hj + xhj,

where i, f, l, and .'1 stand for ''initial,'' "final," "liquid," and "steam," respec-
tively, and h = H/M is the enthaply per unit mass. Solving for x, we get

hi hi hi hii- I i- I
x = hj _ hj = --L-

The numerator here is given by

h! - hj = (Ui + Pi) _ (UI + PI) = C(Ti _ TI) + Pi - PI
• M p M p p'

where p = 103kg/m3 is the density of the liquid. The final temperature is the
boiling point TI = 100°C. Therefore, using 1 atm ~ 105Pa, we get

1
x ~ 4.18 X 103 X 540 [4.18 X 103 X (20 - 100)+ 105(104- 1)/103] ~ 0.29,

and so the answer is 0.29 g.

9
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#9: UNDERGRADUATE MATH METHODS

PROBLEM:Consider the' function Fk ( 7]) defined by the integral

100', xk " '
Fk(7]) =, ' dx " k = 0',1,2,3, ....

a', eX-TJ + 1 ",

Find an analytic (polynomial in '17 ) expression for
..' ~

~int: By integrating ~yparts, show that

flFk (71) _ kF. (n)
d7] k-l '/ ,

--,<.,'

and start with Fa (7]). You are given
, I

)

, ' , 7[2

F1(0) , " 12

#9,: UNDERGRADUATE MATH METHODS

SOLUTION: SE:.ENE.)( -r Pf\b-~

'.e'
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. ~-

#10 : UNDERGRADUATE OTHER

PROBLEM: Nucleons -(neutrons and protons) can be regarded as composed
, of three massless relativistic quarks freely m~:Yinginside a sphericaLvolume
with radius r and uniform energy per unit volume B inside the sphere. (The
energy density outside the sphends zero). Given that the experimentally
ITleasuredrest energy of a nucleon is M ",1000 M!eVand the radius of a
n~cleon is tV 1 fm (10-15 m), estJmat~ the magnitude of B in MeVjm3

.

#10 :,UNDERGRADUATE OTHER
'""SOLUTION: The quarks are confined to w,ith radius r ,so

E '" 3,(:c) +Brft
aEjar = a implies that .

I

fie = 1.97 X 10-13 MeV-IIi so'

, 1.97 X 10-13 " . " .'B = •.0', ' " ~'1.97 x 1047 MeVjm3
.

. . '.(1O~15)4. ' , . '
!

11
j

. ; j
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Comments on problein'#10.

The problem, as stated, provi'deda model forthe energy of the nucleon as consisting ofa

kinetic energy part (3 ~e) and a confinement energy, (; 1ll'3) so thatthe total energy, E,

he 4 '3
of the nucleon is E R: 3- + -111' B

! r 3
Ifthe energy density is uniform throughout the interior of the nucleon then

DE=0
Or

and
. 3he
B--'-."
'-41ll'4

he = 1.97 x 1)0-13

so that

f:",..
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, Solution 11

Find the ~verage"angular vel09ity8

Find the rate ofprecession of the perihelion' to lowest order in busing
the results of (a) and (b). 'r:1,.

#11 : GRADUATEMECHAl\TICS

PROBLEM: If the solar system were immeisedin a uniformly dense spherical
cloud of weakly-interacting massive particles (WIMPs) then objects in the
solar system would experience gravitational forces from both the Sun and
the cloud of WIMPs such that ~

k' ,R =-~ -br 'r, r2. '

Assume that the extra force due to the WIMPs is very small (that is b «
k/r3). Work to first order in b. '

,
(a) Find the frequencyof radial oscillations for a nearly circular orbit.

(b)

(c)

#11: GRADUATEl\:1ECHANICS..
SOLUTION: Th~ force corresponds to a potential energy

/

I

0-12, JJl' ' "

r '

12 .



\... _.~

'\ OHAPTER.10. MEOHANIOS 1.10. SOLAR SYSTEM WIMPS 93

'he kinetic energy, which separates into a term due to the bead's mo-
on along the wire and a term due to the rotation of the bead with the

'. . . ,.~

'Ire, IS (10.88)
1 . 1

T = 2ma202 + 2mW2( a sin 0)2. ,

'he Lagrangian is L = T ..,.:'V. Using Lagra,nge'sequation,

" ,
(10.80)

where

and A and B
2-rr/n.

~

'2
n=w'.l--L

. a2w4'

are arbltrary constants. The period of oscillation is -

cfind that
aO +9 sin () - aw2 cos (}sin() = O. (10;82)

Lan equilibriump6int jj = 0, sog= aw2 cos (},otw2 = gfacos (). This
lu~Lionhas:as6111tion for wonlyif w2 ~g/a, so the criticalazigulal"
:locity is

where m is the mass of, the particle. The potential is given iIi the
question' as .

SOLUTION: Prob. 11
, /.

Solution 1.10 .. In plane-polarco<>rdinates, the Lagrangiil.lifor a par-
ticle rnovingin a central potential V(r) is

d (8L)' 8L .
dt 88 - '80 = 0,

We =' fiV;"
Idthe equilibrium angle is

00 = cos-1 (L) .
j aw2

(10.81)

(10.83) .

(10.84)
'1
:r

1 . -.' .
J)'= 2m(r2 + r202

) - V(r),

'k 1
V. '(r) == ~- ..+ _br2•

. - j r'. 2

The O-cornponent of Lagrange's equation is

(l0.8D)

(10.90)-

'sing standard trigonometric identities, the small angle approximations
nt/> ~ cP and cos cP'~ 1, and our solution for 00 (10.84), it is easy to
lOW that

I;) If the mass makes small oscillations around the equilibrium point
I, then We can describe the mot jon in terms of a small parameter
=o~ 00• The equation of motion (10.82) becomes

The term 12/2mr2 is referred. to as an "angular momentum barrier."
Solving the equations of motion for this hamiltonian is equivalent to
solving Lagrange's, equations for the Lagrangian: .

,_ .

--,

(10;91)

(10.92)

(10.93)

(10.94)1 '2, V nf) ,L == 2mr- eD,r,.

, 12 ,
Vcnfr) = -.-'.-2 +V(r}.11' 2mr

p2 '. 12 . p2 . . '"
. ,-H= -2r +'-2 2 + VCr) = 2' r + Venfr),m . mr m 11'

8L.,. .
--. '= mr20 =constant == I.ao

The hamiltonjan of our system is then

.with Pr =mr and

(10.86)

(10.87)

(10.85)

4J = A cos !It+ Bsin!lt,

~+W2 (1- L) cP= 0..a2w4 .

....• ,:

;,-

a~ + 9 sin (00 + 4J) _aw2 cos (00:- 4J) sin «(}o+ 4J) =0.-

'his has' the general. solution
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!)1 CHAPTER 10. MECHANICS 1.10. SOLAR SYSTEM WIMPS 9

We'can eliminate 1 betw~en equations (10.101) and (10.97)to giveth.
(requency of radial oscillations:

where we llavemade use of (10.97).
Now consider one complete period of the radial oscil~ation. This

,takes place in time T;z :::::271"/w; Inthis time the particle travels along
its orbit through an angle of' ,

.--.
~

(10.102

(10.103:

{l0.10(

, (10:101

(10.105)

312 2k
mr4- ~ +:b = mw2
.0 ro' .

- ,271" ,I, ' i k b ','
Wl = -- ~ -- = ' -'_ + _

T1 mr5 mr3, m '

o = 271"Wl =211"iklmrg + bLT!J.
, W /k/mr3 + 4b/m

Differentiatin.gVeffi rJ t,wice gives us

W =(. ' ,k
a
.+4b) 1/2

mro' m

To find the rate of precession of the perihelion, w~ need to krtov
the period of the orbit./Fromthe definition of angular momentum'/.
equation (10.91), we have an equation for theorbital ap;gularvelocit]
Wl, , •

dO I
Wl =:'-'= --.

dt mr2

Let us write ret) = ro -+ e(t),where e(t) is sinusoidal with frequency",
an~ average value zero: We substitute r(t)into equation'{10.103) ane
expand in e(t):

dO '( '( 2e ',( 2») .,'- = -'-'-21 - ..,...-+0 e '.
dtmro .' ro,

" .
To zeroth order in the small quantities br~/k and e/ro, the period of the

"'orbit Tlisthe same as the period of oscillations T2 = 21t/w.' Therefore
we can average e over T1' rather than T;z and still get zero, to within
terms of sec;:ondorder, which we are neglecting. The average ,angular '
velocity is therefore, " \

We arc interested in perturbations about tl~.jscircular orbit. Provided
the perturbation remains small, we can expand Veffir) aboutro,
l/cijCr) =;Veffiro) +(r ~ ~o)V;.o<ro) +~(r - ro)2V;'.n<ro) +...'. (10.98)
If we use this expansion in the Lagrangian (1O.94J together with the
condition (10.96), we find

L 1 .2 1( )2 ' ",.,( ). (), =2'mr ..,...2' r -:ro VeD,ro, 10.99,

where we have dropped a constant term. This is just the Lagrangian
for a simple harmonic oscillator, describing a particle undergoing radial
oscillati()ns with frequency

w2 = ~ V;fl.ro). ,(10.100)

This is a completely general result for the motioil of a particle in a
central potential and could easily have been our, starting point in this
problem (e.g., Goldstein, Chapter 3).

It may seem unnecessarily long-winded to go through this proce~
clure, but note that the sign ofthe angular momentum barrierin(10.94)
is opposite to what we would havegoUen if we had naively replaced 0
wiLhljmr2 in the Lagrangian (10.89). This is due to the fact that the
Lagrangian isa funetionoi the time derivative of the position, and not
,of the eanonkal momentum.

,Theequatio~ of motion from (10.94) is

mf = ~;Veffir). '(10.95)

If the particle is iil a circular orbit atr = ro we r,equire that the force
on it at that radius should vanish, ' , , '

d~;DL"= O. , (10.96)
-- .

, Using our ~xpressi()n for Veff (10.93), we derIve an expression relating>
the angular momentum I to the radius of the orbit ro:

[2 k "
-,-,' - ---'-'bro = O. (10.97)
mr3 r2o 0

'----
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CHAPTER 10. ,MECHANICS

. '. br3
,. ", .0SO = 311"-.-,'.' , k

; ; .. ( ;3br3)
.~211" , ..1- - .

'. '. 0 2k

Hi:()the;r;woJd~"the ,p~t.i~le do~snot quite orbit through. 211" befor~',:,
'the:radialosciijatioh is completed. Each'time around the perihelion'
precesses back;'ardsth:rougha~ angle. . . . '.

;. ~ ;' \ !' ..•...

,a~ditgetsa:roundin timeT2; sc>the.precession rateis

.....' ..' SO::. 31rlrF3VkFmr3 +4b/m
a= T

2
== ~. '.' .... ". 2; .' . '.,

';3b. /f.3; .....
~ - -'-~; 2 mk

; ; .

. q)'Whenrislarge enough that F'r .~ '-br, wesee that the forceis like
t~at,ofa linear sJ>dng.. In this c'ase the planar 'motion of the orbit can
be res()hred;intosimple harmonic motion in each of its three cartesian
components. ThU:s,the orbits will in general be 'ellipses; however, iri ;
each case the sun will be at the ce71,teroHhe ellipse rather,tlian at one
ofthe foCi (as isthecas~ forNewtonian gravity). . .. . ~ .

.~.
\
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#12: GRADUATE MECHANICS .
• 0 0 of 0

PROBLEM: A 'spherical marble of massm and radius a r6lls without slipping
near the bottom of a perfectly rough spherical bowl of radius b, which is fixed. "

. -' .' . " ".J. "", .

in position. Calculate the angular frequency for ~mall oscillations. .

#12 : GRADUATE MECHANIqS

SOLUTION: The no slip condition is b()= Q,cP. The Lagrangian is

Expanding for :~man.(}'gives

o so that

mg(b ~ a) 5g(b -a)
m(b--a)2 +,' ,~mb2 = 5(b - d)2 + 2b2

5 ' .

13
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#13: GRADUATEcELECTROMAGNETISM

'...;: Solution,

.~ -I

... _.- ._~
-.:-,;::::...,...,;."

PROBLEM: Consider a thin spherical shell of radius R centered on the spherical
coordinate system T; (), <P: On the~Jlrface ofthe sphere is a current density K
whicli'I>roduces a unifoim,magnetic field inside the shell dire,cted alongthe

, polar axis, th,atis B = Boz inside the shelL Find K.

#13:' GRADUATE ELECTROMAGNETISM
\

SOLUTION: SEE N-e )(-r~~FAbe..s
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Solution J1"
\._-------------------

#14 : GRADUATE ELECTROMAGNETISM

PROBLEM: An electromagnetic wave

E(r, t) -- Re[Eo ei(k-r-wt)]

B(r, t) = Re[Bo ei(k-r-wt)]

is incident on a plane conducting surface. The wave vector k makes an angle
e relative to the normal n to the surface. The wave is polarized perpendicular
to the plane of incidence, that is Eo is perpendicular to k and n. Determine
the radiation pressure (the time-averaged force per unit area) exerted on the
surface.

#14 : GRADUATE ELECTROMAGNETISM

SOLUTION:

15
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#15 : GRADUAT'E QUANTUM MECHANICS

PROBLEM.: Two electrons each ofmass m are placed in a one-dimensional box
of width L placed in an external magnetic field B in the z direction. The
interaction Hamiltonian of the electrons is

(1)

where the magnetic moment is J-Ll,2 = -/10 Sl,2, where /10 is a constant.

(a) Find the possible energies of the system, and the quantum numbers (i.e.
spatial and spin quantum numbe~s) and multiplicities of the allowed
states.

(b) Write the energy as a multiple of n2 I (2mL2) in terms of the dimen-
sionless paramet'ers a = mL2 A and b == /1oBmL2 In.

(c) Find the ground state quantum numbers as a function of a and b. Give
your answer by marking the quantum numbers in the a - b plane.

#15 : GRADUATE QUANTUM MECHANICS

SOLUTION: If the electrons are in spatial states n1,2, then the energy is

where 8 is the total'spin of the system; and Sz "is the total z component of
spm.

The states are given by nl, n2, S, Sz. By Fermi statistics, the net wavefunc~
tion must be antisymmetric, so for n1 = n2 the state must have S = Sz = O.
For n1 #- n2, one can have S = 1 with Sz = 1,0, -lor S = 0, Sz = 0, and each
state has multiplicity one. Note that (nI' n2) and (n2, n1) don't give different
states, because the wavefunction has to be antisymmetrized in 1 f--+ 2. So

16



the energies are

''Ii~ .['2 (22)' 1 b]' - 1 ::1::10 -/..-' .-'- 7r n1 + n2 + -.a +2 Sz ., s- , Sz = "nl r n22mL2.. 2 .

'li
2 . [ 2 (2 2). 3 ]. .2mL2 7r n1 + n2 - 2"a ..' s = 0, nl = n2

The lowest spin-O state has nl = n2 = 1, with energy

. 2 [ ]. , . 'Ii, ...2 3 ,E(O) = -'.- 27r --a. 2mL2 . 2 .

The lowest spin-1 state has nl = 1, n2 = 2 'Yith energy

E(O) is the ground state if E(O) :::;E(1,sz), so that 2a+37r2 2: 0, 2a+37r2::1::

2b 2: O. This is shown as Region I in the figure. E(1, 1) is the ground state if
b:::;0, 2a + 2b+ 37r2 :::; 0, .shown as Region II. By symmetv, E(1, -1) is the

/
/

/
/

/
/

/

/
,/

'Region III:s= 1, Sz = -1 //
/

/
/

/
/

/

,,,,,,
Region II: s ':- 1, Sz = 1 " ,,

ground state in Region III.

17
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#16 : GRADUATE QUANTUM MECHANICS

PROBLEM: In studying the hydrogen atom one takes the proton to be a point
charge with mass M. Suppose instead that the proton charge is distributed
uniformly within the volume of a sphere with radius TO =10-15 m.

(a) Using perturbation theory, calculate the shift in energy of the Is level
of hydrogen to first order in the perturbation.

(b) Give an order of magnitude estimate of the ratio of the 2p and Is level
shifts.

#16 : GRADUATE QUANTUM MECHANICS

SOLUTION:
The potential due to a uniformal spherical volume with net charge e and

radius TO is

(T < TO)

(T > TO),
T

er2 3e--+-2T5 2To'
e

u

where the constant of integration in the first expression has been chosen to
make U continuous at TO.

(T < TO)~V

The perturbation V in the Hydrogen atom potential is

e2T2 ') 3e2 e2

----+-
. 2T5 2To T '
0, (T>TO)

The energy shift is

~E = (~V)

to first order in perturbation theory. For the Is state,

~E = J 1'ljJ12 ~V = lro 41rT2dT 1'ljJ12 ~V

18
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Since ro « ao, the typical scale of variation of the wavefunction, 'l/J ~ 'l/J(O),
and

lb .{
, .,

i

( 21
TO

2 [e
2

.r
2

3e
2

e
2

] _ 2 2 2101'(0) 1
2~E .~ I'l/J.(0.)1 0 41Tr dr - - - + - - -e 1Tro If'2r6 2ro r 5

For the Is state;

so

2 2 2 2 2 2~E ~ _ e ro = _~ r 0
5 a6 5 ao a6

The ground state energy of H is -e2/(2ao) = -13.6 eV, and ao - 0.529 X
lO-lOmso .,

2' . r2

~E = -(2 x 13.6eV) ~ = 3.9 X 10-9 eV. 5 ao

The wavefunction of the 2p state vanishes at the orgin. This suppresses
~E by an additional factor of r2 / a6 rv 10-10
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. #17 : GRADUA'FE STATISTICAL MECHANICS

PROBLEM: A system of N -bosons in two dimensions has an energy-momentum
relation

Ep = cpf

and density n- N/A (A-.:..area). c and f are constants.

(a) Show that at low temperatures the system will Bose condense, for some
values of f. Find these values of f. (In what follows, assumes that f
indeed takes these values.) Show that the Bose condensation tempera-
ture Te rv nQ

• Find a (internis of I).

(b) Show that the entropy belowTe goes as S rv Tf3, and the "pressure"
below Te (i.e. its equivalent in two dimensions) goes as P rv T'Y. Find

- {3and I (again in terms of f).

#17 : GRADUATE STATISTICAL MECHANICS

SOLUTION : Use
1 27fA 100

-- 1
N = ~ 1 f3 - - -h2 pdp 1 (3 f + (groundstate term).~ z- e Ep - 1 -0 z- e ep - 1

p

Let x {3cpf, sop = (xkT/c)l/f

100x2/f-ldx - -
N rv AT2/ f - -__-1 - + (groundstate term).

o z- eX - 1

There is Bose. condensation if the integral remains finite for -z = e(3p, - 1.
The relevant limit of the integral to check is x - 0, where the integral
rv limx~o X2/f-1-l+1. So there is Bose condensation if 2/ f - 1 > 0, i.e. if
f < 2. The temperature is Te rv (N/A)f/2.

(b) Use S = -(~f)A and P -:--(~~)r, at z = 1 for T below Te, with

F = -kTlnZ = kTLln(l- e-(3Ep).

p

The sum is evaluated as in part (a). This gives P :.v AT'2/1+l, so the entropy
S rv T2/ f and pressure P rv T2/1+ 1.

20
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#18 : GRADUATE STATISTICAL MECHANICS

PROBLEM :Con,sider a gas that obeys a mqdified van der Waals equation of.
state .

.' a
(P + V3)(V - b) = RT,

where Vis the volume of one mole of gas, and a and bare constants. De-
termine the critical parameters Pc, ~ andTc of this gas and evaluate the
quantity RTc/ Pc 1/;;.

#18 : GRADUATE STATISTICAL MECHANICS

SOLUTION: Given that.
P' RTa
= V -b '-'V,3)

the critical point is determined by the conditions
(

\

and

""'"f'ff.I', ..\ ..

(
8P) . -JilT 3a : . 3a(V ~ b)2
aVT=(V~,b)2 + V4,= O,-t RT= V4 ' ,

(
,82P) '2RT 12a ", 6a(V - b)3
'8V2

T
=(V ~'b)3 - V5 = 0, -t RT = . V5 .

Equating the two, we get 2(V ~ b) = V, or }~= 2b. Substituting this result
into either of the two expressions for RT, w~ get

/ ,
, , . 3a ,,'3a

RTc = 16b2 -t Tc '16b2R'

Substituting ~ and Tc into the equation of state, we get,

.. - 3a ,a a
p=-.- - -'" -',-"-"

c . 16b3 8b~ - 16b3'

It follows that the ratio Rrc/ Pc~ = 3/2.

,21
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#19 : GRADUATE MATHEMATICAL METHODS
, , .

PROBLEM: Evaluate.

12
7f de

o a + bsine

where a < b < a.

#19,: GRADUATE MATHEMATICAL METHODS

SOLUTION: S-EE NE..;x-T "FA f..::r-e-

J

22
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#20 : GRADUATE "MATHEMATICALME'rHbDS

PROBLEM: Find the Green's function f<:>rthedifferential operator -

d2
--1
dx2

in the interval [0,1] with the boundary condition that 1(0) - 1(1)= 0;
\ .

#20 : GRADUATE MATHEMATICAL METHODS

SOLUTION: The, Green's function equation is

d21 / .
. " d 2 -1=8(x -xc)

x

so the solution that satisfies the boundary-condition is

1 - A (ex -:e-:z:) , o:s; x :S; xo

f B (e;~ee:-x) ; xo :S; x:::; 1.

The function must be continuous at Xo, and have a jump of 1 iIi itsslope,_

,
\.

(

so that

(e
XO

). B -;: - ee:-xo

(eXo )B. -.- +ee~xo .
. e-

A
2(e2- 1)

( .--'

eXO,\ e-xo
B =. e----

2( e2 .-:-.1)
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