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PART I

Please take a few minutes to read through all problems before starting the exam. The proctor of
the exam will attempt to clarify example questions if you are uncertain about them. Please
attempt seven (7) of the (10) questions. The questions are grouped in five Sections. You must

.| attempt at least one question from each of the five (5) Sections. E.g. Section 1: problem 1 or
problem 2. Partial credit will be given for partial solutions for seven (7) questions only.

Please indicate with a ‘“‘check” which of the (7) questions you wish to be
graded below:

Section 1: Problem 1 Problem 2
Section 2: Problem 3 Problem 4
Section 3: Problem § Problem 6
Section 4: Problem 7 Problem 8

Section 5: Problem 9 Problem 10
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ECTION 1:

PROBLEM 1.

1. A solid disc of mass M and radius R is rotating at an angular frequency
w. As shown in the figure, the disc is attached to an axle of length £4
which is being held up by a string of length /;. If the disc executes
uniform precession in the horizontal plane and the axle is horizontal,

find an equation for the angle 8 that the string makes with the vertical

axis
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SECTION 1:

PROBLEM 2.

2. A piece of glass of width d with index of refraction n is sent into rel-
| ativistic speed v, as meésure‘d in the laboratory frame of reference, in
the direction normal to its surface. How long does it take does light
(at normal incidence) propagate through the glass as determined by a

sta.tionary. observer and how fast is the light observed to move?
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SECTION 2:
PROBLEM 3.
@
, i v v N v v e N
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—
FIG. 1:

3. Two solenoids with ferrite cores are positioned in a close proximity to
each other and are connected in parallel - see Fig. 1(a). Their indi-
vidual inductances are equal to 1 and 2mH, while the total measured
iﬁductance is 3.6 mH. Without changing the positions of the solenoids,
they are switched to a paral.lel connection, see Fig. 1(b). What total

inductance can be measured after the switch?
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SECTION 2

PROBLEM 4.

4. A slab of material with dielectric constant € is partially inserted in a
square parallel place capacitor, as shown in the figure. Assuming a small
gap thickness, find the force on the dielectric is the capacitor is isolated.

What changes if instead the capacitor is held at constant voltage?
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SECTION 3:

PROBLEM 5:

5. Consider a one-dimensional electron of energy E and mass m incident

from the left on a repulsive § function scatterer
V(z) = Vod(z — z0)

Find the transmission coefficient, defined as the probability that the

electron makes it through the scatterer.
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SECTION 3:

PROBLEM 6:

6. Consider a modified version of the double slit experiment where a plane
wave electron beam of momentum p is incident on a wall with two slits
separated by distance d and with an embedded solenoid with coil radius
R, number of turns N- note that the electrons never actually reach the

interior of the solenoid.

i. If there is no current through the solenoid, find the first position
(above the center-line) on an observation wall D away that exhibits

a maximum intensity.

ii. Now, the current is turned on and a field By is generated. How
big should this field be so that this point becomes an intensity

minimum?
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SECTION 4:

PROBLEM 7.

7. Two equal containers, each of volume V, contain ideal gases at temper-
ature T', pressure p. In container 1, the gas consists of N; molecules of
gas o and M of gas 3 in container 2, Ny and M respectively - note that
Ny + My = Ny + M,. Derive an expression for the entropy of mixing, -
le. the entropy gain obtained by allowing the containers to ﬁ*eely mix.

- Evaluate the two limiting cases (1) N; = N, and (2) Ny = M,.
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SECTION 4:

PROBLEM 8.

8. A spectral line with wavelength X from a hot gas is observed by a sbec—
trometer. Find an expression (in term of the temperature T and the
mass of the gas molecules m) for the Doppler broadening of the line,
i.e. the root mean-square line-width caused by observing an ensemble

of molecules with different velocities.
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SECTION 5:

PROBLEM

9. The index of refraction of a planet’s atmosphere decreases with height
h above the surface according to the law n = ny — ah. The radius of
the planet is R. Find at which height hg there exists a natural optical
waveguide that supports the propagation of light at a. constant-height
orbit around the planet. (Hint: Consider a small portion of the orbit

and use Snell’s law of refraction).
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SECTION 5:
PROBLEM 10.
10. A rigid box of length L is supported by N horizontal bars located at
positions z;, ¢ = 1, N. The bars and the box have the samé depth, so

the problem is two-dimensional.
i. Above some critical N, the problem of finding the forces on each
rod cannot be solved by assuming rigid rods. Find the critical N.

ii. Assume the rods can be treated as Hookean springs with a purely
vertical displacement. Find an expression for the tilt angle of the

box.

L —
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DEPARTMENT OF PHYSICS
DEPARTMENTAL EXAMINATION -SPRING 2004

PART I

Please take a few minutes to read through all problems before starting the exam. The
proctor of the exam will attempt to clarify example questions if you are uncertain about them.
Please attempt seven (7) of the (10) questions. The questions are grouped in five Sections. You
must attempt at least one question from each of the five (5) Sections. E.g. Section 1: problem 1
or problem 2. Partial credit will be given for partial solutions for seven (7) questions only.

Please indicate with a “check” w

 graded below:

Section 1: : Problem 12
Section2:  Problém1s____ Problem 14
Section3: : i ‘

Section 5:’
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SECTION 1.
PROBLEM 11,
11. The infinite series

S(2) =1+224+32+423+....

converges for |z| < 1. Find an analytic continuation of S(z) to the
largest .pOSSible domain in the complex z plane aﬁddesécribes its singu-

larities.




Problem %

The series _ _
S()=142:+322+42° +...

converges for 2| < 1. Find the analytic contmuatlon of S(z) to the largest possible domain in the complex
z plane and describe its singularities.

Solution '1/

ZE€ro.

‘We compute
d 1 1
S(z) = —(1+z+z +28+244. )= P i (l—z)z
This defines the ana.lytlc contmuatlon to the whole z plane, and there is a double pole at z = 1 with residue
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SECTION 1.
PROBLEM 12,

12. Let R be the rectangle 0 S z<20<y < 1. Find the eigenvalues and
eigenfunctions that satisfy

Pu  0%u  Bu
:z:2+6y2 3 Au-—O

W1th1n R with the boundary condition u = 0 on its boundary.
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Let R be the rectangle 0 < z < 2,0 <y < 1. Find the ‘eigenva.lues and eigeﬁfunctions that satisfy

u  u  Bu
BF'FW—Fa-FAu—O

in R with the boundary condition © = 0 on the boundary of R.

Solution ‘L

Separate variables, so that ] :
u(z,y) = f(z)sinnmy
with integer n > 1 and :
7'+ + (= nr)f =0,

The possible solutions are linear combinations of e=%/2¢%irz » where r = /A —1/4 = 1?72, The boundary
conditions require ) :
f(@) =e*ginrx

and gin2r = 0, s0 r = mm/2 for some integer m > 0. This means that S
A=1/4—-nig? = min?/4

or
' A=1/4+n’r? + m?n?/4.
The corresponding eigenfunction is

w(z, ) = e/ sin(mma/2) sinfrmy).
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SECTION 2:

13. Consider the ”mechanical mirror” shown jn the ﬁgure below. What is
the condition for the containment of particles by the mirror, in terms of
the particle’s energy and component of its velocit ?Assume through-
out that D(:c) varies slowly. Do this problem by following the steps

below

i. Derive the adiabatic invariant for a particle bouncing between plates
at D

ii. Use the result from i. to determine v2 and the condition for trap-
- ping. Express your answer in terms of the particle’s position when

injected mto the mirror and its initial perpendicular velocity.
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SECTION 2

- 14. Consider a free asymmetric top with I3 > L, > L.

i Show that energy and total angular momentum are conserved by
- the equations of motion. | |
ii. Assume the top is set spinning about the axis corresponding to I.

Describe qualitatively what happeuns.

iii. Describe the ultimate state of the phenomenon described in ii. Why .

does the linearized theory break down?
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SECTION 3:

PROBLEMI15;

15. An electric dipole p'= §py is fixed at the origin of the (z,y, 2,t) reference
frame. Determine the magnetic field as seen in a frame (z',y/, 2/, ¢') that
moves with velocity Zug Wifh respect to the original frame. Assume the
frames are coincident aﬁ time ¢ = ¢’ = 0. Express your answer in terms

of the coordinates of the primed frame.
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SECTION 3:

16. A cylindrical solenoid of radius a and length L is tightly wound with
N turns. The solenoid is driven by a voltage source V (t) = ReVoe™t,
Determine the time average power radiated byb the solenoid assuming

that a << L << c/w.
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SECTION 4:

17. An atom has spin S and orbital angular momentum L. Strong spin-orbit
co‘upling ensures that the low-energy states of the system are eigenstate
of J? (with eigenvalue J(J + 1)A2, where J = § + L is the total angular
momentum. If a weak mé,gnetic field is applied to this system, find the
splitting of the a state with fixed J. Also, find the expectation value of

the magnetization at temperature 7.
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SECTION 4:
PROBLEM 18. ~

-18. a) Prove the quantum virial theorem which states that for a particle |
moving in one-dimension acted upon by potential V(z) = az”, the ex-
pectation value (in any si:a,tiona,ry state) of the kinetic energy is 3 times

the expectation value of the potential energy (hint: consider % <zp>)

b) Use this theorem to prove that the expectation value of z for a par-
ticle moving in the potential V(z) = Fz for z > 0, V() = oo for z < 0

has the same value as the classical value for the average position for one

orbit

S
‘:»c = -1;/0 z(t)dt
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SECTION 5:
PROBLEM 19,

19.,., As shown in the ﬁgure, a chain molecule is taken to consist of N rigid
rods each of length a. The units are joined so as to permit free rotation

- about the joints. Assuming the molecule is in contact with s reservoir
at temperature T', derive the relationship connecting an applied tension

A between’ the ends of the molecule and the equilibrium distance L

between those ends
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20. Consider the following system defined on a square lattice of N sites. On
each lattice site i, there is a discrete spin-like variable s(i) which may
take on one of ¢ discrete values, e.g., s(i) € {1,2,...,¢}. The energeticsv
of the system is given by the Hamiltonian

H==J3_ (0.0 = 1]
. (i.9)
such that if the nearest neighbor spins (indicated by (i, j) belong to the
same state, there is an energy gain of —(g — 1)J, while if the nearest
neighbor states are different, there is an energy cost of +J. This model
s known as the g-state Potts model; it is a generalization of the Ising
model for ¢ > 2. Here you are asked to provide a mean-field solution to

the Potts model for g = 3.

(a) Let the fraction of sites belonging to state s be z,. Find the
mixing entropy S(zi,zs,z3) by computing first the number of
configurations (2 that the NV sites have N; sites in state 1, N, sites
in state 2, and Nj sites in state 3.

[Hint: You may assume that N;, Nz, N; all much larger
than 1 and use the Stirling approximation, In(z!) ~
rln(z) — z valid for large z.]

(b) Write down an expression for the average energy E(z1, ), z3) as-

suming that each site may belong to state s with probability z,

independently of the states of the other sites.

(c) Anticipating spontaneous symmetry breaking at low temperatures,
one can describe the fraction z,’s in terms of a single order param-

eter m (with 0 < m < 1) such that when m = 0, the z,’s are equal

20
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(corresponding to the lack of ordering), and when m = 1, one of the
z’s, é.g., z1 becomes 1, while the other two becomes 0. Find the

linear functions z,(m) = a;m+b, satisfying the above requirements.

(d) Using z4(m) found in part (c) for the entropy S and average energy
E obtained earlier to show that the mean-field free energy F(m) =
E — TS is of the form |

Fm) T-Tp , 14 1,
NkgT ~ @t~ m —gm +gm

for small m, with ¢y being an unimportant constant, and Tp being a
characteristic temperature scale set by J/kpg. In what sense is what
we have done the “mean-field approximation”? [Hint: In(l+z)=

r—2?/24+23/3 —z4/44..].
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