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PART |

INSTRUCTIONS:
1

Each problem is worth 10 poinls. This part has 7 problems.

Useful Information
c=3 x 10® m/s

h=1.05x10"3% J-s

Ny =6.02x10%

kp =1.38 x 10738 J/K
e=1.6x10"1" C=9.8x1071° esu
me = 9.1 x 1073 kg

mp = 1.67 x 10727 kg

€ = 8.85x 1072 I'/m
InN!~NInN-NasN — o



1. Evaluate the integral

3

/ an, (@1 by

over the unil sphere || = 1.

2. Two identical non-interacting spin-1/2 fermions with mass m and magnelic moment
p are placed in a one dimensional box of width L in a magnelic field B. Find the
ground state of the system as a function of I, and B.

3. Consider the one-dimensional Schrodinger equation for a parlicle with mass m and

potential
V(z) = imw?z?, forz > 0;
" Hoo, forz <0,

where w is a constant. Find the energy eigenvalues.

I

4. Starting from the ideal gas law, derive the “law of almospheres,” which states that
the pressure P(z) of an isothermal atmosphere a height 2 is given by the equation

P(z) = Pyje=moz/ks T

where P, is the atmospheric pressure, m is the mass of an ajr molecule, and g is the
acceleration due to gravity. Estimate the scale height of the atmosphere (i.e., the
height at which the pressure falls by a factor of 1/e). Find P(z) for the case of an
adiabatic atmosphere. What is the temperature dependence T'(z) for this case?



/

5. A string attached to a particle of mass mn passes through a hole in a smooth, friction-

-

less, horizontal table and is attached to a spring wilh spring constant k. The lower
end of the spring is fixed at a height such that the particle is at the hole when the
spring is unstretched.

(a) Write down an expression for the energy of the syslem.

(b) Derive the equations of motion.

(c) Write down expressions for all the independent conserved quantities of the motjon.

Consider N atoms of an ideal gas in thermal equilibrium at temperature T confined by
a barrier to a fraction f of the volume of an adiabatic enclosure. The barrier ruptures
al some instant, and the gas expands to fill the whole volume, and eventually reaches
a new equilibrium state.

(a) What is the new temperature of the gas?

(b) What is the change in entropy of the gas?

7.V_‘EA particle of mass m is in a bound orbil in an attractive potential —k/r. The Kepler

*/ orbit equation is
e

I mk

- =— (1 ecosd

- =T )
where e is the eccentricity, and [ is the angular momentum. Show that the momentum
of the particle as a function of time traces oul a circle in momnentumn space, i.e., that
P(t) traces out a circle. Find the center and radius of this circle. The center of the
circle is not at 7' = 0. Explain sinply why the center is diplaced.
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8. Answer the following questions, using equations, comnputations, and skelches as nec-

10.

essary:

(a) Describe the photoelectric effect.

(b) What is Bremsstrahlung?

(c) Describe the Zeeman effect.

(d) Calculate the Bohr radius in terms of physical constants, and give its value in
melers. .

(¢) Estimate the velocity of an air molecule at room temperature.

. A monoalomic crystal consists of N atoms that can occupy two kinds of positions,

the normal position indicaled by o in the figure, and an interstitial position denoted
by z. There is an equal number N of normal and interstitial sites, and the energy of
an atom in an interstitial position is larger than thatl of an atom in a normal position
by an amount ¢. Calculate the Helmhollz free energy, and show that the number n of
atoms at interslitial sites al temperature T is given by

na~ Ne ¢/2ksT

for e >» kgT.

Show that electromagnetic radiation can be propagated in a hollow perfectly conduct-
ing metal pipe of rectangular cross-section with sides a and b, a > b. What are the
phase and group velocilies of the wave? What is the frequency below which waves
will not propagate? (Assume that the pipe is evacuated.)



Rgts

12,

14.

Spin waves (magnons) in a ferromagnetic solid have a dispersion relation of the form
w = Alk|%

Treating the magnons as elernentary excitations, calculate the lemperature depen-
dence of the heat capacily of the spin systemn at low lemnperatures.

Prove that .
oo .
— 1 1 colwz
2w =g ) e
n=1

fork=1,2,3,.. -y where the contour of inlegration is as shown in the figure. Use this

to show that

7l'2

J8

] —

n? 6

It

n

Note: Carefully Justify any deformations of the contour that you make.

-1 o [}

A harmonic oscillator with mass m and frequency w is acted on by an external force.
The interaction Hamiltonian is

]Iinl = f(l)l:. .

Assume that f(t) = fod(t), and that the oscillator is in he ground stale at { = 0~
Calculate the state of the oscillalor at time ¢ > 0. (You may assume h=1)

Find the normal mode frequencies for the syslemn of masses and springs shown below.
All masses are m, and all spring constants are k.
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