DEPARTMENT OF PHYSICS
University of California, San Diego
La Jolla, California 92093

WRITTEN DEPARTMENTAL EXAMINATION - FALL, 1987

PART 1

Each problem is worth 10 points.

Problem 1

Two particles of mass m and one particle of mass M are constrained to move on a line as
shown

- n,\ n?

they are connected by massless springs with force constant k.
a) Find the normal modes and eigen-frequencies of the system, keeping M/m finite.

b) What are the normal modes and frequencies in the limit M/m — oc? Is there any
way to rewrite the modes in this limit in order to simplify the physics. Interpret.

Problem 2

a) Calculate the electric and magnetic fields associated with the scalar and vector po-

tentials
é(r,t) =0
A(r.f) = %(ﬂ % r)
where

ﬁ = (ﬂr, ﬂy’ ﬂ’—) = (0,0, ﬁ(t))

In particular, what kind of magnetic field is represented by this vector potential?



b) For a general electromagnetic plane wave propagating in the z-direction the electric
field is of the form _
E=(eE, + eyEy)e'(kz"wt)

where e; and e, are unit vectors and E; and E, are the associated field amplitudes.

(i) What kind of condition on E; and E, corresponds to linear polarization? For this
case what determines the angle § (with respect to the x-z plane) of the resultant
polarization direction?

(ii) What condition on E, and Ey corresponds to left- and right-circular polarization?

(iii) What is the relationship between the fundamental unit vectors for left- and right-
circular polarization and e, and e,?

c) What property of the photon is responsible for the absence of longitudinal polariza-
tion?

d) What are the possible values of the “helicity” of a photon (7)? An anti-photon 3?7 A
neutrino v and v? A graviton ¢ and a g7

Problem 3

a) Describe briefly how the following types of detectors work, indicating the correspond-
ing mechanisms that initiate the detection process and the critical conditions for the
proper operation of the detectors.

1. Geiger counter
2. Cerenkov counter
3. Bubble chamber
4. Cloud chamber
b) What are the principal enerzy loss or attenuation processes for
1. A 100 keV electron passing through matter.

2. A 100 MeV photon passing through matter.



I-3

Problem 4

Molecules confined to rotate in a plane have quantized energies

E. = (h?/2)n? (n=0,1,2,..)

(I is the moment of inertia), The levels with n > 1 are doubly degenerate.

2)
b)

c)

Compute the rotational partition function in the low- and high-temperature limits.

Do a classical calculation of the partition function and compare with the results in
part (a).

Compute the specific heat per molecule in the low- and high- temperature limits.

Problem 5

(Give brief answers to the following)

g)
h)

How is the Faraday constant related to the electronic charge?
What is the spin of the (i) deuteron, (i) muon, (iii) alpha particle?
What are the values of the nuclear magic numbers?

What is the surface temperature of the sun?

Why doesn’t helium form a solid at low temperatures?

What are the values for the following limits

lim (1 — z)/®

r—0

N N
. 1 dz
Mm{,;;—/l 7}

What is the ratio of the number of photons to baryons in the Universe?

What is the radius of a uranium atom? a uranium nucleus?



Problem 6

a) Estimate the collision frequency per molecule (in sec™?) for the gas in this room.

b) Demonstrate the validity of the dipole approximation for typical atomic transitions;

d)

do this by computing the characteristic difference in the photon phase (¢) over atomic
dimensions.

Photons and neutrinos (energy 10 MeV) are emitted simultaneously from a supernova
at a distance of 1.5 x 10%%cm. If the neutrinos arrive here 100 sec after the photons,
what is their mass?

Neutral atoms interact by electrical forces. Explain qualitatively how this happens
and derive the form of the interaction at large separation.

Problem 7

A particle moves in a potential VV = ar? and the motion is non-relativistic. For this 3-
dimensional harmonic oscillator use spherical polar coordinates to describe the states and
set h = m =1 to simplify the algebra.

a)

b)

Employ a function of the form
2

u= Ae "
in the variational method to evaluate the ground state energy E and (normalized)
wave function u. Because of this judicious choice for u, when the parameter a is
varied, E and u turn out to be exact.

Comment on the quality of the following one-parameter trial functions which could
be used in this problem: (Don’t do the calculation; just comment on the functions’
good and bad points)

u;p < e 7

ug o sechar
uz o (14 a?r?)7!?

sinar

Ug X
ar

In general, the states of the 3-d oscillator can have finite angular momentum. What
is the form for the angular part of the wave function in this case?



Problem 8

Three vectors in 3 dimensional space are defined by their components as follows:

Vector A A =1 Ay = —1 A =0
Vector B B =1 By =1 B3 = V2
\/'eCtOI‘ C Cl =1 Cz =1 C3 = —/2

Matrix P is defined as having vectors A, B,C as eigenvectors, with eigenvalues 1, 3, -1,

respectively.

Matrix @ has the same vectors A,B,C as eigenvectors, but its eigenvalues are z, 1, -1

respectively.

a) Without lengthy calculations, determine whether each of the two matrices is: Hermi-
tian, symmetric, unitary, orthogonal (i.e. transpose equals reciprocal), real.

b) Construct the matrix P explicitly.

Problem 9

a) Briefly describe a method for measuring the dielectric constant of an insulator.

b) Briefly describe methods for producing pressures in the following ranges. Your method
should either produce a predictable pressure or include a method for measuring the

pressure.
(i) 1077 to 107* Tor
(i1) 1 to 100 atm

(iii) 1000 atm to 5 x 105 atm
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PART II

Each problem is worth 10 points.

Problem 10

A spherical conductor of radius a is cut along the equator and the upper hemisphere is
held at (electrostatic) potential V' while the lower hemisphere is held at —V.

a) What is the functional form (in spherical co-ordinates) of the potential at large r?

b) Compute the potential at large r exactly, including all coeficients, etc. Justify yvour
work here.

Problem 11

a) Molecular hydrogen is commonly found in one of two states called respectively ortho
and para hydrogen. Ortho states have proton spins in a triplet state; para states have
protons in a singlet state. There is an energy difference between the ground states of
the two species.

1) What is the physical reason for the energy difference between the ortho and para
g
ground state molecules? Which state lies higher, and why?

(ii) Taking reasonable value for the distance between the protons, estimate the energy
difference of these two ground state levels in electron volts.

b) What is the physical origin of the “exchange interaction” that favors aligned spins 1n
a ferromagnetic material?

Jint: The direct magnetic interaction between spins is not important in either a) or b). In
this problem you can neglect the magnetic dipole moments of the electron and proton.



Problem 12

a) Consider a particle of mass M moving in a attractive central potential —a/r*. Show

b)

that if the particle comes in from infinity with an impact parameter less than some
critical value b., then it will be “captured” and fall into the center of force. Give a
formula for b. in terms of a, M and particles velocity at infinity V. What is the
capture cross section o..

Show that the long distance tail of the potential between an ion and a neutral atom
is an attractive 1/r* interaction.

What do your conclusions from a) and b) imply about chemical reactions in a gas
where some of the species are ionized and some are not? Explain your reasoning.

Problem 13

)

b)

Find the first two terms in the asymptotic expansion of
*  dr
— oo (coshz)™

Use contour integration to compute

1 oc e—iut
Re {——— / R ]
27 oo W —wo + 1Y
for both positive and negative t where wy and v are constants (y > 0). Sketch your
result assuming wyp is positive and large compared to 7.

for large n.



Problem 14

A single ocean wave is described by the surface elevation
w2
h(z,t) = A cos(wt — —x)
' g

where g is the acceleration of gravity.

a) What is the group velocity with which a packet of waves moves? Does a water particle
move with (i) the plase velocity, (ii) the group velocity, or (iii) neither of these?
Explain your answer.

b) A single monochromatic wave of frequency w moves along the sea surface in the
positive ¢ direction. An airplane carrying a radar flies over the wave with the velocity
of V along the positive z aris. The radar picks up a return from the wave which is
Doppler shifted by Aw. What is Aw? (Neglect terms of order % where c is the speed
of light.) Does your formula for Aw contain

(i) The phase velocity of the wave?
(ii) Its group velocity?
(iii) The velocity of a water particle?
(iv) None of the above?
Explain.

You can assume that sea water is a perfect conductor and that the electromagnetic scat-
tering problem is completely determined by Maxwell’s equations plus an algebraic (in E

and B) boundry condition at the air-sea interface.



Problem 15

a)

c)

d)

What are the transformation properties (scalar, comp. of 4-vect, comp. of tensor.
etc.) of the following quantities: E (el. field), E- B, p (ch. dens.), u (en. dens.),»Z
(field Lagrangian dens.), A (photon wave length), 8¢/0z (¢ = scalar fn.), d*p (p, =
mom.), d*p/E,n (particle occupation no.)?

What is the (non-covariant) Lagrangian (L) for a relativistic charge moving in an
electromagnetic field? From the corresponding non-relativistic function (Lxg) form
its covariant generalization (Loy)-

Write the following equations in covariant form: charge conservation, el.-mag. field
gauge trans., Lorentz gauge cond., Gauss’ theorem, Klein-Gordon eq.

What kind of measurement yields a Lorentz contraction?

Problem 16

a)

b)

Show from statistical mechanics that
p=nkT
holds exactly for a classical non-interacting gas whether it is relativistic or not.

Evaluate the energy density (u) of the gas in the extreme relativistic limit and show.
from part a, the relation between p and u.

pressure is computed from the thermodynamic relation p = —8F/8V, where F =
—kTInZ; here Z is the many-particle partition function.

\



roblem 17

onsider the problem of the bound states of a negative muon (™) in the field of a uranium
icleus (Z). To simplify the algebra, employ “muon atomic units” (m, = e =h = 1).

eglect relativistic effects.

)

Compute the (muon) “Bohr radius” in cm and note that it is well inside the nucleus

(radius R).

Show that the electrostatic potential inside and outside the nucleus is, if its charge
density is uniform,
o) = 3 <R
N=—08-%;
2R R? T
z
T

Given the inequality of part a and the result in part b above, what would be a good
zeroth-order wave function for the ground state? What would be the ground state

zeroth-order energy?

Compute the first-order correction to this energy by perturbation theory.

Problem 18

a)

Briefly describe one or more methods for measuring temperature which will cover each

of the following ranges:
(i) 107° to 102 Kelvin
(i1) 1072 to 1 Kelvin

(i) 1to 300 K

(iv) 300 to 800 K

(v) 800 to 2000 K

b) Briefly describe a method for measuring the magnetic susceptibility of a material with

a susceptibility in the range between 10~% and 10™* (mks units).
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