SOLUTIONS

DEPARTMENTAL EXAM

SPRING, 1999



SCORE

PHYSICS DEPARTMENTAL EXAMINATION—Spring 1999—Pa§‘t I

Student Identification #

Problem 1 i : ,
A capacitor is made of two concentric cylinders of radii r;-and r2 (r1 < r2) and length
L > r,. The region between r; and r3 = /7172 is filled with a circular cylinder of length
L and dielectric constant «; the remaining volume is an air gap.
(a) What is the capacitance of the system?
(b) What are the values of E, P and D in the dielectric ry < r < r3 and in the airgap
r3 < r < rq expressed in terms of the potential difference V' between r; and r3.
(c) How much mechanical work must be done to remove the dielectric cylinder while
maintaining this constant potential?






Sbubin |

c LWLMAA__ otearfos ,‘éa, v’
R ‘.,:az“w&.;sésﬁw €A




SCORE
PHYSICS DEPARTMENTAL EXAMINATION—Spring 1999—Part I

Student Identification #

Problem 2
In a certain inertial frame S, the electric field E and the magnetic field B at a particular

spacetime point P are neither parallel nor perpendicular. The inertial frame S’ is moving
relative to S with a velocity v perpendicular to both E and B, where

v _ ExB
1+4+v2/c2 B2+ E?/c?

Show that the fields E’ and B’ in S’ are parallel at P. Is there a frame S” in which the
two fields are perpendicular?
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Problem 3
A heater with resistance R = 552 generates 10 Watts of heat, controlled by a standard
(2N3055) power transistor, driven by an op-amp
(a) What current I through R will give 10 Watts of heating?
(b) What voltage V; at the base of the transistor will give this heating?
(c) Approzimately how much current must the op-amp provide to give this heating?
(d) What control voltage Vin will give this heating?
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Problem 4
Given the stated measurements with independent and random uncertainties, calculate
the value and and uncertainty for the result gq.
(a) =22y, z=50x0.5cm, y =2.0+0.1 m.
(b) The charge to mass ratio e/m of an electron is determined from accelerating
voltages V, and currents I and I, by

where V=22.£1.V,I=17+0.1A, and I, = 0.2+ 0.1 A.
(c) If you repeat the measurement of e/m 20 times, each with the same accuracy,
and obtain e/m = 1.7 x 10*! Coul/kg, how would you report your final answer?
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Given the stated measurements with independent and random uncertainties, calcu-
late the value and uncertainty for the result q.
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If you repeat the measurements of e /m 20 times, each with the same accuracy, and
obtain an average (e/m)=1.7x 10! coul’kg, how would you report your final
answer?
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Problem 5
A string under tension has waves with velocity of propagation 1 m/s. Assume that
the string is semiinfinite, i.e. extends for z > 0, and that the point z = 0 is held fixed,
so that the vertical displacement g(z = 0,t) = 0. Find the general solution ¢(z,t) for the
displacement by imposing the restriction ¢(0,t) = 0 on the solution for an infinite string.
Assume that at t = 0, the velocity of the string is zero, and the displacement is

_ =@-2)z-1) 1<z<2
g(z,0) = {(s)(:z:) =1 othe::wise.

Find the solution for g(z,t) in terms of s(z), and sketch the shape of the wave at t = 3 s.
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Problem 6
A cylinder of cross-sectional area A and length zo is initially empty and closed off
by a plunger attached to a spring with spring constant k. When v moles of ideal gas are
introduced into the cylinder, while the system is maintained at temperature Tp, the length
increases to 2zo. Then the system is thermally isolated. When a small explosive device
deposits energy E; in the gas, the length of the cylinder increases to 3zo. In answering this
question, assume that the gas comes to a new equilibrium, but that the time is sufficiently
short that no heat flows to the cylinder or plunger.
(a) What is the final temperature Ty of the gas in terms of Tp?
(b) Find the heat capacity of the gas at constant volume, Cvy, in terms of Ey and Tp.
(c) Use your answer for Cy from part (b) to state the minimum possible value of E;
in terms of v and Tp.
(d) What is the change in entropy,AS, of the gas as a result of the explosion? Describe
clearly the process you use to calculate AS. Express your answer in terms of Cy,
Ts and the other parameters given.

,x" )(—-2)(0——*'
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C. Surko

- 1. A cylinder of cross-sectional area A i
and length x, is initially empty and A -/ A
closed off by a plunger attached to a Q (e
spring with spring constant k. When v k x';,i
moles of ideal gas are introduced into the

(3, Te |3Trorvosem

cylinder, while the system is maintained
at temperature T, the length increases to F—lxz-v:
2x,. Then the system is thermally
isolated. When a small explosive device 1 €, lororrsorrn
deposits energy E, in the gas, the length
of the cylinder increases to 3x,. In [ {~Trroror
answering this question, assume that the

gas comes to a new equilibrium, but that F_BX"-_)"

the time is sufficiently short that no heat

flows to the cylinder or plunger.

(a) What is the final temperature, T, of the gas in terms of T,?
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1. (cont'd)
(c) Use your answer for Cy from part (b) to state the minimum possible
value of E, in terms of v and T,
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(d) What is the change in entropy, AS, of the gas as a result of the
explosion. Describe clearly the process you use to calculate AS.
Express your answer in terms of C,, Ty, and the other parameters give)rz
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Problem 7

Consider a classical ideal monoatomic gas of N identical particles of mass m in a
gravitational field g, in equilibrium at temperature T'. The gas is confined above an end
wall, located at z = zp, in an infinitely tall cylinder of cross-sectional area A.

(a) Compute the partition function for this gas.

(b) What is the mean internal energy E and the heat capacity Cy of the gas?

(d) What is the force that the gas exerts on the surface at z = zy?

(e) What is the mean height of an atom in the gas?
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2. Consider a classical, ideal monatomic gas S ]

of N identical particles of mass m in a ;

gravitational field g, in equilibrium at 4 .,

temperature T. The gas is confined above .

an end wall, located at z = z_, in an infinitely J/ )N, m N

tall cylinder of cross-sectional area A. LA

4 & -
(a) Calculate the partition function for this gas? . *
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(b) What is the mean internal energy, E and the heat capacity, C,;, of the
gas?
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2. (cont'd)

(c) What is the force that the gas exerts on the surface at z = z,,.
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(d) What is the mean height of a molecule in the gas?
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Problem 8

A beam of 100 eV (kinetic energy) electrons is incident upon a potential step of
height V, = 10 eV. Calculate the probability to be transmitted. Get a numerical answer.
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Problem 9
Find the difference in wavelength between light emitted from the 3P — 28 transition
in Hydrogen and light from the same transition in Deuterium. (Deuterium is an isotope
of Hydrogen with a proton and a neutron in the nucleus.) Get a numerical answer.
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Problem 10

Find the leading behavior as £ — oo of

©0
/ dt e—zt—l/t_
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Problem 11

Evaluate
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Problem 12

A long thin superconducting rod of volume V is aligned with a magnetic field B =
B(z)z. The rod expels all flux. Find the force on the rod in terms of the given quantities,
assuming that the field is slowly varying compared to the size of the rod.
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Problem 13

Find the normal modes and normal frequencies for the system shown below. At t =0,
the initial displacements are z; = 0 and x; = 0, and the initial velocities are vy = 1,

vz = 0. Find the displacements z,(t) and z,(t). How long does it take before the system
returns to its initial configuration?
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Problem 14

At time t = 0, a particle of mass m i

n a 1D simple harmonic oscillator potential
V(z) = 3mw?z? has wavefunction

[%(0)) = sin@ |0) + cos 1) .

Recall that a = VZE (z+ ip/mw).
(a) What is the wavefunction [(t)) at time ¢ > 07
(b) What is the average value of the energy measured at time ¢?

(c) Compute the expectation value of the potential energy V(z) at time ¢.
(d) What is the expectation value of the kinetic energy at time ¢?
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E. Jenkins DEPARTMENT OF PHYSICS Spring 1999
QUANTUM MECHANICS PROBLEM

(1) At time t = 0, a particle of mass m in a 1D simple harmonic oscillator potential V(z) =

3mw?z? has wavefunction

14(0)) = sina |0) + cos e |1) .

Recall that a = /2% (z + ip/mw).

(a) What is the wavefunction |(¢)) at time ¢ > 07

() = sin ae™*4“* |0) + cos ae— §ut [1) = e~idwt (sin @ |0) + cos ae ™t 1))

(b) What is the average value of the energy measured at time ¢?

(W()| H ()} = sin® a (0] H [0)+cos? o (1] H |1) = %Msinz a-}-ghw cos?a = %hw+hw cos? al

(E) is independent of t

(c) Compute the expectation value of the potential energy V(z) at time ¢.

h
Y B t
z ‘/2mw(a+a)

WOIVE) ) = gma WE)]2 W) = 2 WD) (o +a")’ (1)

= gmwt - 2 (sin? (0] (a + ") 0) + cos? (1] (a + ') 1)

mw
-hf (sin® a + 3 cos? a) = % (1+2cos?a)

(d) What is the expectation value of the kinetic energy at time ¢?
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Z
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(sin2 a{0| (a - a“)2 0) + cos® (1| (a — a")2 ll)) = (—sin? @ — 3cos® @)
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Probiem 15

A hydrogen atom in the ground state is put in a magnetic field. Assume that the
energy shift due to the B field is of the same order as the hyperfine splitting of the ground
state. Find the eigenenergies of the (four) ground states as a function of the B field
strength. Make sure you define any constants you use in terms of fundamental constants.
The hyperfine Hamiltonian is

2
e
Hye =~ — Se - Sp63(r)

3m.m

where g, is the proton g-factor, and S, and Sp are the electron and proton spin operators.
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Problem 16

A three-dimensional system exhibits two types of excitations. Their dispersion rela-
tions are given by £,(p) = c|p| and £, (p) = p? /2m, where p is the excitation momentum,
¢ has dimensions of speed and m has the dimensions of mass. Both excitation branches are
bosonic and neither excitation is conserved, i.e., the chemical potential for each excitation
is zero (don’t be fooled by the ballistic dispersion for branch b - its chemical potential is
still zero). You may abbreviate any unknown integrals, but please adimensionalize them
(i.e. scale out dimensional factors wherever possible). Hint: The grand potential for a
single bosonic oscillator of energy A is Q = kT In[2sinh(A/2kpT)].

(a) Find the densities of states g, (¢) and gp(e).

(b) Find the specific heat c{f’b) for each branch.

(¢) Show that the total specific heat cy = c2 + ¢!, behaves as a power law at high
and low temperatures, and find the characteristic temperature scale where the crossover
from low-T to high-T' behavior occurs. .

Ll
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