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Code Number:
UNIVERSITY OF CALIFORNIA, SAN DIEGO
DEPARTMENT OF PHYSICS

Written Departmental Examination — Fall 1993, Part I

[1] For each of the following energy quantities, give an expression in terms of fundamen-
tal constants which is dimensionally correct (numerical prefactors are not required) and

cor>r'1pbi1te from your expression an order-of-magnitude estimate in electron Volts.

4
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Potentially useful information:
e Rydberg: 1 Ry =~ 13.6 eV
o Bohr Magneton: pus =~ 6 x 1075 eV/T
e Fine Structure Constant: a =~ 1/137
Ezample: The electron kinetic energy in the ground state of the Hydrogen atom.

Solution: If you are stuck on a desert island and cannot remember the expression, here is
a quick way to reconstruct it. Denote the size of the atom by ap. The kinetic energy is
then T ~ ﬁz/mag, which, when approximately equated with the potential energy e2/aB
gives ag = h%/me?. The kinetic energy is then T ~ me?/h? = 1 Hartree ~ 10 eV. (Note
that one Hartree is 27.2 eV, but the order-of-magnitude estimate of 10 eV is adequate for

this problem.)

(a) The ground state binding energy of the electron in a U~ ion (a Uranium ion with
atomic number 92, atomic weight 238, which is 91-times ionized so that there is only one
electron present).

(b) The ground state energy level splitting in a Hydrogen atom due to the spin-orbit

interaction.

(c) The hyperfine splitting in a Hydrogen atom (the splitting of electronic energy levels

due to the interaction with the magnetic moment of the proton).
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(d) The relativistic correction to the binding energy of a Hydrogen atom.

(e) The transition energy between adjacent Landau levels of a non-relativistic electron in

a magnetic field of 1 Tesla.
(f) The energy of a nucleon in a typical nucleus.

(g) The rotational energy of an Hy molecule.

e
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[2] (a) A classical particle of mass m moves in a circular orbit under the influence of
a central force whose potential is V(r) = —mk/r™, where k is a constant. What is the

condition on n such that the orbit is stable under small perturbations of the radius?

(b) A classical particle of mass m moves in one dimension and is subjected to a constant
force F = Fy when z < 0 and F = —Fy when ¢ > 0. Fj is a positive constant. Assume
initial conditions z(0) = a and £(0) = 0. Construct and sketch the phase space orbit of

the motion, (z), and calculate the period of the motion.
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[3] The Otto cycle, depicted below in both entropy vs. temperature and a conventional p—
V plot, is a rough approximation to the thermodynamics of a gasoline engine. During the
process A — B, an ideal gas inside a cylinder is adiabatically compressed. This i.s followed
by B — C, during which the gas is heated at constant volume (an “isochoric”.process).
Then comes C — D - the power stroke — during which the gas expands adiabatically.
Finally, D — A represents an isochoric cooling. (In a real engine, the isochoric heating
results from combustion, and so the burned gas must be ejected from the chamber and new
gas inserted, which we model here by the process D — A.) The efficiency of this engine
is defined by the ratio = W/Qp_,¢ of the work done per cycle to the heat absorbed

during the isochoric heating process. Compute the efficiency of the Otto cycle in terms of

the volumes V4 and Vg, the specific heats Cy and Cp, and any other relevant quantities.

C D c
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[4] An insulating circular ring of radius R lies in the z-y plane, centered at the origin. It
carries a linear charge density A(¢) = Agsin¢, where )\g is a constant and ¢ is the usual
azimuthal angle, measured from the z-axis. At time ¢ = 0, the ring is set spinning about

3

the z-axis with constant angular velocity w.

(a) Is this an electric dipole, a magnetic dipole, or something else? Give an answer and

calculate the appropriate multipole moment at ¢ = 0.

(b) What is the polarization (linear or circular) of outgoing waves in the far field region
along each of the coordinate axes? In the case of linear polarized waves, give the direction

of the F vector.

(c) What is the total radiated power?
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[5] Consider a quantum mechanical system with three possible orthonormal states (“colors”
red, blue, and green). Any wavefunction |1 ) may be written as a linear combination of

the three basis states |R), |B), and |G). The system is described by the Hamiltonian

“

H=Ey(2|RNR|+2|B)}B|+2|G) (G|~ |G)B|~-|B)G]|)

2 0 0
= Eo 0 2 -1 .
0 -1 2

(a) Find the normalized energy eigenstates and their corresponding eigenvalues.

(b) At time t = 0 the wavefunction is |4(0)) = |G). Find the wave function [¥(t)) at

an arbitrary time {.

(c) The “color” is measured at time ¢ = ¢y and found to be green. What are the respective

probabilities for the color to be measured as red, green, or blue at time ¢t = 2ty?

Assume that the initial conditions of part (b) hold at t = O.
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(6] In the quantum mechanical calculation of a transition probability, we encounter the

integral
oo
() = / dws f(w, 1)
—00 ¢
where
2(1 — coswt
flw, ) = %

Compute I(t).
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(7] A magnet consists of N >> 1 noninteracting spins which can be in any of
three states: oz =-1,0, +1. Each of these spins is described by the

% .=E0‘722—/-L0H0'z )

where H is the magnetic field.

Hamiltonian

(a) Compute- the partition function for this system.

(b) Compute the magnetization M (T, H) and the zero-field magnetic
susceptibility y (T).

(¢) Compute the entropy per spin in the limit T — o,

(d) Does the specific heat per particle vanish or tend to a constant as T — oo?

Explain your answer.
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[8]/The hinge of a pendulum of length  and mass m is oscillated in the z-direction according
to z(t) = acos Nt, where N2 > g/l and a < I. Separating the motion into slow and fast

degrees of freedom, find the effective potential for the slow oscillations and determine the

4
.

conditions under which an equilibrium exists for 6 # 0.
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[9] At perigee of an elliptical gravitational orbit, a satellite experiences an outward radial
impulse of magnitude §. Recall that an impulse results in an instantaneous change in
momentum AF = §. The satellite’s mass, m, is negligible in comparison with t_.hat of the
earth. The initial eccentricity of the satellite’s orbit is ¢, and the initial semimajor axis

length is q;.

(a) Compute the changes AE and AL of the satellite’s energy and angular momentum

due to the impulse.

(b) Compute the new eccentricity ¢ and the new semimajor axis length af in tems of ¢;,
aj, S, and other relevant constants. You may assume that the orbit remains bound. Does

the distance to perigee increase or decrease in the new orbit?

(c) Under what conditions will the assumption that the satellite remains in a bound orbit

be satisfied?

(d) What is the angular orientation of the new major axis relative to the initial major

axis?

Reminders: For an attractive central potential V(7) = —K/r, the geometric equation of
the orbit is

7(l —€ecos ) = Ez/pK

where r and ¢ describe the distance and angle relative to the force center in the plane
perpendicular to the angular momentum E, €is the orbit’s eccentricity, and p is the reduced
mass. This equation can be obtained immediately from the invariance of the Laplace-

Runge-Lenz vector: dA/dt = 0 where A4 = FxL— pXK7/r. One also finds |A| = pKe.

pg2
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(9) Continued:

o = semtmajw,axfs
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-ﬁh\Consider a planar interface between a conducting fluid of density g and vacuum. The
interface supports a uniform surface charge density, o, and is subject to a surface tension

7. Suppose we deform the surface so that the height function h(r), is nonuniform, and

instead is described by
d%

e PR

h(r) =

where A(k) < 1 and A(0) = 0.

(a) Find an expression for the gravitational energy of the deformed interface.

(b) Find an expression for the energy due to surface tension of the deformed interface.
(¢) Find an expression for the electrostatic energy of the deformed interface.

(d) Find a criterion for the surface to remain at small deformation.
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[lL])A quantum mechanical particle of charge e and mass m is in the first excited state

of a three-dimensional isotropic harmonic oscillator potential of frequency wy. The wave-

function is given by

[¢) = (cosaa};—*—sinaa;)IO) )
where the ladder operators are defined by
_ [mwg n 1 ;
2= 28 TN ombw, TF
mw 1 ;
2% T 2mhwg P

with corresponding expressions holding for oscillator quanta along the ¥ and z axes. When

al

interaction with the quantized radiation field are taken into account, compute in the dipole

approximation the angular distribution dI'/dQ? of emitted right-handed circularly polarized

photons.

Reminder: The quantized radiation field /I(f",t) is written
Tr= 4y _ [2mhe kRt kR
A(T,t) = Z Wek;A (bE,Ae +bE’A8 )
B

where € (A = 1,2) are unit polarization vectors orthogonal to E, b%/\ is the creation

operator for radiation quanta with wavevector k and polarization index A, and V is the

volume of the universe (the radiation field is quantized in a large box of volume V).
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[12] Consider a infinitely long line charge of unit charge density between two parallel, infi-

nite, grounded conducting planes. The electrostatic potential ¢(z,y) satisfies the equation
V24(z,y) = —6(z — £)6(y — ) :

along with the boundary conditions ¢(z = i%,y) = 0 and limy—+oo ¢(z,y) = 0, using
suitable units. Find ¢(z,y). If you express your solution as an infinite series, be sure to

discuss its rate of convergence.
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@ The surface modes of vibration of a liquid have a frequency-dependent phase
velocity approximately given by 1{w)=(cw/p)!/3, where o is the surface tension
and p the density.

(a) Compute the quantum mechanical energy-momentum dispersion relation g(p).
(b) Derive the low-temperature form of the specific heat of the 'gas' of surface
modes.



SOLUTION: PROBLEM 1 F93

Solutions

1. Expressions and order-of-magnitude estimates for the energies.

-4

(2) The binding erergy of the electron in its ground state in a uranivm
jon (atonic number = 92 and atomic weight = 238) which conteins no
other electrons.

Solution — Using the scaling 2 — Ze?, with Z = 62 in the expression

<

in the example, we obtain

~ 10% hartrees ~ 10° eV.
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(o) The energy level eplitting in & hycrogen atem cue to the spin-orbit

interaction.
Solution — It is the energy of the electron
feld due to its orbitel motion

epin dipole in the megnetic
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vE eh pe Ryd _

AE ~ g o et e = ~ a® Ryd ~ 1073 eV.
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(c) The hyperfine splitting in a hycrogen atom.
3
Colution — It is reduced by e factor of the mass ratic rrom the fne
structure
Me _
AE ~ 242 Ryd ~ 107°% V.

m;

(4) The relativistic mess correction of the binding energy of a hycdrogen
atom.

Solution — Using one definition of the fine structure constant,

2 \ 2 :
AE ~ 511)7—1_ /(mec?) ~ a® Ryd ~ 1072 eV.

[

(€) The Zeeman splitting of electron levels in 2 hydrogen atom when the
nagnetic field is 1 T (Tesla).

Solution — Zeemen energy in the magnetic field B is

AE'V#BBNE—H-ENIO“ eV. e T

mcC e
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(£) The energy of a nucleon in a typical nucleus.
Solution — In a nucleus of redius 7y ~ 1 fm,
h? Me %
E.‘\' ~ 5 = —c"%a' ~ 107 eV.
MoTH My T
-
e n \ \‘,
(-} The rotztional energy of a hycdrogen me.ecu:e.
Soluticn —
) —
By~ —— ~ —% Ryd ~ 1077 €V
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