SCORE

Physics Departmental Examination - Fall 1997 - Part I
Student Identification #

PHYSICS DEPARTMENTAL EXAMINATION
SPECIAL INSTRUCTIONS

Please take a few minutes to read through all problems before starting to work. The
proctor of the exam will attempt to clarify exam questions if you are uncertain about them.
It is important to make an effort on every problem even if you do not know how to solve it
completely. Partial credit will be given for partial solutions.

Problem 1.
A globular cluster is a gravitationally bound association of stars.

a) Derive a rough estimate of the relaxation time through two body interactions, that
is, the time for the average star to experience one strong interaction which significantly
changes its velocity. Assume that all stars have the same mass m, that the typical star
velocity is v, and that the average number density of stars is n (stars/volume). Your
answer should not depend on the size of the stars, which can be neglected.

Hint: A strong interactions will occur when potential energy is comparable to (or greater
than) kinetic energy.

b) Show that the escape velocity V, =2v. Use the virial theorem for a statistically
steady, self-gravitating star cluster, which states that the total kinetic energy of N stars is
minus 1/2 times the total gravitational potential energy.

1. Write down the gravitational potential energy for one pair of stars, with
typical (not nearest neighbor ) separation R, then

2. Write the virial equation in terms of m, N, v and R.

3. Write an expression for the velocity of escape from the cluster, where R can

also be taken as the approximate size of the cluster.

[Note: The mean separation of a pair of stars - any pair, will be close to the size of the cluster
used in (3) to get the potential energy. Hence only one size scale in the problem ]

4. Equate 2 and 3 toshow V,_ =2v.

c) How does the cluster evolve if the stars have a variety of masses?
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Problem 2.

Imagine you are stranded in a desert island with your watch that measures time in seconds
(very accurately), and a ruler that measures distance in centimeters. You also have two
square metal plates, wire, a battery that supplies an unknown voltage, and a force meter
that measures forces to very high accuracy in some unknown units. Suppose you have
forgotten the values of all physical constants but not the rest of the physics you know.
Explain how you would find out what the value of the speed of light is.

MNLBMN

metal plates wire battery force meter
(unknown voltage) (unknown units)
1cm 1 sec
INEEEE

ruler

watch
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Problem 3.

If (x) is a wave function which is such that the mean values of the position and
momentum operators X and p are X and p, respectively,

1. Show that

#(x) = e™"¥(x + X)
has (i) =0
() =0

where < ; >= (¢, x¢)/(¢,¢) and similarly for < ;) >

2. For such a state ¢(x), show that the wave function that minimizes the product x*p?
where

= (¢, X20)/(9.9)
p? = (9, p20)/($.9)

(N

(8]

is the ground state of a harmonic oscillator with mass “m” = 1/x? and frequency “w” =
\!x’ p? and that the minimum value of x*p’ is i*/4.
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Problem 4.

A 500 km long hole is drilled betweeen two points on the earth’s surface along a straight
line. Assume the density of the earth is uniform, and neglect friction and the earth’s
motion.

(2) How long does it take for an object dropped into the hole at one end with zero initial
velocity to reach the other end?

(b) What is the maximum velocity that the object reaches?

(c) Is there any other path for a hole between the given two points that will yield a shorter
time for an object to go from one end to the other with zero initial velocity? Justify your
answer.

Data:

Radius of earth: R=6400 km.

2=9.8 m/sec? at earth’s surface. hole

dx

]
!,/xa-x) =7
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Problem 5.

Consider a molecular ion formed by two nuclei of charge Ze each and one electron
of charge (-e). The mass of each nucleus is ZM and that of the electron is m, with M/m =

o 0
2000. e*=144eVA, B*/m = 7.62eVA

a) Using classical electrostatics find the maximum value of Z (=Z,) for which
this molecular ion could be bound.

b) Allowing for quantum mechanics, will the value of Z, increase or
decrease? Explain.

) Find an estimate for the size of this molecular ion (in A) as function of Z.
Make a plot of size versus Z and find for which value(s) of Z (if any) it is an
extremum. Is it a maximum or a minirmum?

@
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Problem 6.

A monatomic ideal gas occupies a fraction x of the volume of a thermally insulated
cylinder, the lower part, and is separated from the upper part (vacuum) by a movable piston
of weight W. The system is initially in equilibrium.

vacuum
1-x

lgravity

A ball of mass m (and negligible dimension) sticks at the inside top of the cylinder. At
some time it starts falling under the influence of gravity, bounces several times off the
piston (which moves in the process) and stops after a while and the system reaches
equilibrium again. Assume the heat capacities of the cylinder walls, piston and ball are
negligible.

a) For what value of x is the final x equal to the initial x?

b) Would the value of x found in (a) be larger, equal or smaller if the gas was diatomic
instead? Justify.
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Problem 7.

A long solid cylindrical rod of radius R is uniformly magnetized. The magnetization M
points along the axis of the rod. If the rod were cut in half along a plane that is
perpendicular to the axis, what force would the two halves exert on each other?
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Problem 8.

A box floating in outer space contains electromagnetic radiation in thermal equilibrium with
its inner walls at temperature T = 20,000K (never mind that no material known to date can
withstand such temperature without vaporizing). The outer surfaces of the box's walls
perfectly reflect all incident radiation. The box is initjally at rest in a certain reference
frame. At time t =0, two windows, each of area A, are opened on walls at opposite sides
of the box. Assume A is much smaller than the total inside surface area. The window on
the left (right) has a green (red) filter than lets radiation through in a frequency range of

Aw =10" Hz centered around A, = 5200 A A= 650010%) and reflects all others.

green

radiation
green filter —— T «—— red filter

2p 15 (a) In which direction does the box start to move in the given reference frame?
Explain.

3 ‘o‘f'S (b)  Find an expression for the force acting on the box at time t = 0*. Check and show
explicitly that your expression is dimensionally correct.

3 Ia’(S © At some later time(s)/the force acting on the box will vanish. Estimate the
temperature inside the box at the earliest time that this happens.

Q-Fh (d)  Make a qualitative plot of the force acting on the box for all times.

__ L ey
11,600 X
Hint: the equation x = 3(1~¢e™") is easily solved by iteration.

Data: hc = 12400eV 42\.; ky ( Boltzmann constant )
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PHYSICS DEPARTMENTAL EXAMINATION
SPEQIAL INSTRUQTIQNS

Please take a few minutes to read through a]l problems before startmg to work. The
proctor of the exam will attempt to clarify exam questions if you are uncertain about them.
It is important to make an effort on every problem even if you do not know how to solve it
completely Partial credit will be given for partial solutions.

Problem 9,

A cylinder of mass m and radius r rolls without shppmg in a circular opemng, of
radius 3r, within a block of mass M. The block slides without friction on a horizontal
surface. Find the frequencies of the normal modes.

Friction, so inner
cylinderrolls . -~
without slipping -

No friction
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Problem 10.

An clectron is mc1dent w1th impact parameter p and speed v, on a proton at rest. Calculate

the energy radlated durmg the collision assummg the ordering e¥/p <<m v,2 << mc%.
(Hint: for this ordering there isa sunple approx1mat10n for the orbit.)
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T. M. O’Neil —
Phys. 203B
Your Name
FINAL EXAM

June 10, 1994

Each problem is worth 10 points.

1.  An electron is incident with impact parameter p and speed v on a proton at rest.
Calculate the energy radiated during the collision assuming the ordering
e2lp«mvd<mc?. (Hint: for this ordering there is a simple approximation for the orbit.)
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‘Problem 11.

A particle of mass m is in a one-dimensional infinite square well of width L that has an
attractive 6 -function potential at the center, given by,

V) = -ab(x - %)

" than 2i- for all a. You may usc the vanatlonal prmc1ple w1thout provmg 1t L

o Fmd upper and lower bounds to the ground state energy of t}us pafucle that dlffer by less 5 T

- Hint Prove and use the theorbm that if H= H L+ H;, then (sl'+ s,z) is a"IOWer boimd othe

ground state energy of H with €, and ¢, the ground state energles of H, and H
. respect1vely .

H'mt The ground state energy of a particle of mass m in the 8 functwn potentlal glven
aboveis € = -ma®/2h%.
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- Problem 12

’ A linear current J is located at the center of two infinite massive iron plates as at distance ¢
of each, as shown in the figure:

SN SN

(a5

°J

N

\\\\\\

e kThe current extends from —e2 10 0 > in dlICCthIl perpendxcular to the paper R

B "Assurmng that the magnetlc permeabxhty of iron JTERY calculate the magnettc ﬁeld

o between the two plates Draw quahtatlvely the magnetic ﬁeld lmes between the plates

- Hmt Use Founer transformatlon to find a solutxon satlsfym g appropnate boundary
condltlons .
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Problem 13.

Consider a gas of non-interacting spin 1/2 fermions at zero temperature, each with magnetic

moment j and no charge. The magnetization of the system is measured in the presence of a
magnetic field H of 1 Tesla and agam in the presence ofa magnetlc field of 2 Tesla. If itis
found that _ _

a) The magneuzanon for H 2T is prec1sely tw1ce as large as the one for IT;

b) The magnetxzatlon forH=2T is larger than twice the one for 1T;

c)‘ The magnenzatlon for H= 2T is smaller than twice the one for 1T;

what can you conclude about the dimensionality of the system in each case? Justify your
answers.
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o ; ;Hmt The Laplacran in cylmdncal coordrantes is equal to:
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Probleni 14.

Consrder a weakly 1omzed plasma consrstmg of three components electrons jons and
‘neutral atoms. Evolution of the electron density is described by the followmg diffusion
equation:

.%—‘észn-il-vn‘

Here, Dis the drffusmn coeffic1ent and v governs the rate at whrch electrons are created by
collisions. :

a.. . Use separatlon of variables to construct a solution of the dlffusron equatron for a
plasma inside an infinitely long cylinder having radius a. Assume an arbitrary radial =~
distribution of the initial density n(t—O,z)—f(z) and boundary condmon conespondmg to
perfectly absorbmg walls. .

n(t, a) = 0 ~ for allt>0

b.  Use the solution of part (a) to find the cntrcal radxus a, such that the electron densxty
- will grow exponentlally thh txme 1f a>a.. - PR e

Vz'_ 1 apa '+‘*1 & ;g:“
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o Prbbl»em 15, | ! |
&'hé Lmdemann melﬁng critéfion states that a solid will melt when the average displacement

of an atom due to its vibrations becomes a certain fraction of the interatomic distance.
Assume that fraction is 1/10, and that you have an elemental solid for which X-ray

diffraction reveals that the interatomic spacing is 1 A. You measure the heat capacity
versus temperature and obtain the graph given below: ,

A . PS S . .
C ) » -
(arbitrary T .
units)
. y e L3
]

) '. ’ . >. R N L N
o080 teo - ]SO . 200 . 250

- Temperature (K)

- Assume that the heat capacity is only due to atomic vibrations, and that they can be
described by an Einstein model. o : N
' (a) Can you estimate the value of the melting temperature of this solid from the
[information given above? . . o : '
" (b) . What can you conclude about the atomic weight of the atoms forming this solid
- from the fact that it is not a liquid at zero temperature? -

. (¢ . From what you know about this solid, what is the maximum mélting tempefature it
~ - could have? Justify your answer. ~ a

Data: Mc’=2 x 1%V . M,=mass of proton or neutron

hc=1973 VA
‘ 1 eV

1,600 °K

Boltzmann constant

B=
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et ~ 5 . SCORE.

Physics Departmental Examination - Fall 1997 - Part II .
o S | : | o | Student Identification #

Problem 16. o
" A charged partiéle with charge q and mass mis moving in a homogencdus magnetic field B

pointing in the z direction. Construct the Schrodinger equation for this particle, choosing a-

gauge so that the vector potential has components both along the x and y directions.

Separate variables in cylindrical coordinates. In the equation for the radial part of the ,

'wavefunc’:tiqn" R(p) ( p =radial coordinate) use the substitution u(p) = R(p)ﬁ . Then, use

the WKB approximation for bound states to calculate the particle energy spectrum and
describe the physical meaning of the different terms in the energy.

Hints: ; :

1) See hint of problem 14. _

2) If you don’t remember the WKB approximation use instead Bohr’s quantization
condition for the radial momentum and coordinate.
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