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5 Instructions -
Ea;ch Vproblem is worth 10 points. You are to work problems 1-8 plus either
** problem 9 or problem 10.
 Problem 1

A line of N pendulums, each consisting of a massive rod of mass m and length
¢, are positioned with their pivots along a line at equal distance from each other.
The pivots are at the upper end of each bar, at the lower end the bars are connected
by springsWith spring constant 3. The pendulums are constrained to move in the
vertical plane that contains the pivots. Assume periodic boundary conditions, that

1s assume that the first and last pendulums are coupled together by a spring too.

(2) Find the equations of motion.
(b) Find the normal mode frequencies of the system.
(c) Describe the motion that corresponds to the lowest and highest values of the

frequency.



Problem 2

A conducting object with permeability 4 = 1 (relative to the vacuum value) is
placed at a distance R from an infinitely long thin wire that carries an alternating
current Ipcos wt. The object is a solid cylinder of radius « and length a, where a
< R; its axis is aligned along the ¢ direction in a cylindrical coordinate system
whose z-axis is along the wire. The cylinder’s resistivity n is sufficiently large that
the skin depth for fields of frequency w is much larger than a.
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Working in the quasi-static limit (w small), derive an expression for the thermal

power dissipated in the cylinder due to eddy currents.
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Problem 3

(a) Explain briefly what is spin-orbit interaction.

(b) Explain briefly the effects of the spin-orbit interaction on the spectrum of
atomic hydrogen.

(c) Sketch the energy levels of hydrogen with the principal quantum number n =
2 taking into account the spin-orbit interaction. Label each level with' its
total, orbital and spin angular momenta in the usual notation, and indicate
the degeneracy of each level.

(d) Indicate qualitatively the change in the cnergy levels in (c) when a weak exter-

nal magnetic field (of about 10 Gauss) is applied.

Problem 4
Consider as a hypothetical model for a star an ideal gas sphere in hydrostatic

equilibrium at a uniform temperature T;. Assume spherical symmetry.

(a) Find an equation for the pressure derivative dP/dr at radius 7, in terms of the
gravitational constant G, the density p(r) at radius r and the mass interior to
r, M(r).

(b) Assume the star undergoes a uniform contraction: the distance between any
two mass elements changes by the same fraction y. Find the change in the
star’s temperature necessary to maintain hydrostatic equilibriurﬁ. You may
neglect the effect of radiation pressure.

(c) Assuming the surface of the star emits radiation as a black body, and based
on your answer in (b): How will the color of this star change as it contracts?

How will the luminosity L change? (L=energy radiated per unit time).



Problem 5

A cylindrical solid rod of radius « and length ¢ (¢ > a) has a permanent
uniform magnetization M parallel to its axis. The rod is located at the center of
a thin superconducting cylindrical shell of length L (L > ¢) and radius b (L>0),

and coaxial with it.
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(a) Calculate B and H near the center of the rod as functions of radius » measured
from the axis in the range 0 < r < b.
(b) Calculate the surface current per unit length in the shell near the center of the

rod.



Problem 6

A box is divided into three sectious, red, white and blue, as shown in the figure:

red white | blue

The orthonormal states ¥,, ¥y, %, of a quantum mechanical particle form a
complete basis set with 1, designating the state where the particle is found with
certainty in the red section, etc.

(a) Ris an operator which moves the particle one section to the right except that
at the right end section

Ry = 0.

L is an operator which moves the particle one section to the left, except that
at the left end section

Ly, = 0.

Find the matrix representations of It and L. Are they physical observables?

(b) The Hamiltonian of the particle is given by

hw
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where w is a (positive) angular frequency. Find the energy eigenvalues of the

H=—(R+1L)

particle.
(c) The particle is found initially to be in the white section. Calculate the proba-

blity of finding the particle in the red section at time ¢ afterwards.



Problem 7
Consider a solid composed of atoms with magnetic moment u per atom. As-

sume the moments interact weakly with the lattice vibrations in the solid but not

with each other. In an applied magnetic field H a moment has energy € = —uH

(¢ = +upH) if it points parallel (antiparallel) to the field, and we assume that no

other orientations are possible. The system is thermally insulated, initially in equi-

librium at temperature T with applied field H, and the field is suddenly switched

from H to —H.

(a) Find the new temperature of the system, 7", after equilibrium has been reached,
in terms of the given quantities and the specific heat per atom ¢ due to lattice
vibrations. You may assume |T' ~T| < T. Is T' larger or smaller than 7'?

(b) Give a numerical estimate as for whicli initial temperature range the change in
temperature in this process will be larger than 1% for H = 105 gauss. Assume
# = pp (Bohr magneton). up = 0.927 x 10”2 ergs/gauss, kg = 1.38 x 10~16

ergs/K.



Problem 8

A bicycle wheel consisting of a rim with mass m and massless spokes, rolls
without slipping on a flat horizontal surface. A pendulum bob of mass W 1s sus-
pended from the center of the wheel by a massless rod of length £. Assume that the
pendulum is free to swing, all motion takes place in the vertical plane that contains

the wheel, the pendulum angle 8 between the rod and the vertical direction is small.

(2) Find the equations of motion.
(b) Solve the equations of motion.
(c) Discuss the limiting cases m < ; and m > 78

(d) Describe the relative motion of the wheel and the pendulum.

[



Problem 9
(a) J (z) is a solution of the differential equation zJ" + J' = zJ(z) = 0 with

J(0) = 1. Give the first two non-zero terms in the series expansion of J(z)

about z = 0.

(b) Find the first two terms in the asymptotic expansion of
T
F(t) = / exp{tcos8}62J(6)do
0
as t — +oo.

Problem 10

Three inverting amplifiers and three C R-circuits are connected as shown in the

figure below. Each of the amplifiers has a gain 4, infinite input impedance, and

zero output impedance.

(2) What is the minimum gain A for which the circuit will oscillate?

(b) What is the frequency at which the circuit will oscillate?
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PART II

Instructions
Each problem is worth 10 points. You are to work problems 11-18 plus either

problem 19 or problem 20.

Problem 11

A particle of mass u moves in an attractive central force field F(r) = —k/rf+1,
where £ and § are constants.

(2) Construct the effective potential U7, ss(r), for which the radial equation of mo-
tion satisfies u¥ = —QU,ss/r.

(b) Sketch Uesp(r) for the cases (i) 3 < 0, (ii) 2 > 3 > 0, (iii) 8 > 2. For what
values of 3 does a stable ci;cular orbit exist? For what values of 3 are all orbits
bounded?

(c) For those values of 8 which support a stable circular orbit, calculate the radius,
To, of the stable circular orbit in terns of the (conserved) angular momentum
and other constants.

(d) Let r = 7o + 75, and derive the é(lll?lti()ll of motion for radial deviations, n(t),

assuming 7 is small. Under what conditions will the perturbed orbit be closed?



Problem 12

A point dipole P is placed at the center of a solid dielectric sphere of radius

a and dielectric constant €. Find the electric field at points inside and outside the

sphere.

Hint:

The field outside is a dipole field; inside another term is needed in addition to

a dipole field.

Problem 13

(2)

(b)

(c)

A non-relativistic particle moves in one dimension along the z axis with mo-
mentum p in the positive direction. At x = 0 there is a very narrow potential

wall described by the potential

, n?

V(ie)= —28-6(z

(2) = =3 8(x)
where 3 is a positive parameter to characterize the strength of the wall and
6(z) is the Dirac delta function. Calculate the reflection and transmission
coefficients.
Calculate the scattering states and the bound state for negative 3. Show that
the scattering states are orthogonal to the bound state.
What is the interpretation of the pole at imaginary momentum in the scattering

amplitude for negative 37

10



Problem 14

Consider a system of IV noninteracting free fermions of mass m and spin 1/2in
a box of volume V' at zero temperature. The system is thermally insulated. Assume
that suddenly the fermions turn into bosons of spin 0, with no change in their mass.
Will the system Bose-condense?

Hints:
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Density of states per spin for particles of mass m in box of volume V:

_ Y 2mas
g(e€) m( 7.22) €

Problem 15
In the ground state of an atom the electrons and the nucleus interact through
the Coulomb force (spin related interactions ignored). Assume that the nucleus has

infinite mass. Prove the Virial theorem

2Ekiu + Epot =0

where Ejn, E,o: designate the average kinetic and potential energies, respectively,
in the ground state.

Hint: The potential energy of the atomn with NV electrons satisfies the scaling law

V(AT ., AFN) = $V(71, ..., Fn). Apply the variational principle to the one-

parameter set of trial wavefunctions

w5

A

L

N . "l’o(AFl 3 ey /\7_‘:\r)

where (77, ...,7n) is the exact ground state wave function. Note that the

trial wavefunctions are normalized.

11



Problem 16

A grid is located half way between the plates of a parallel plate capacitor (a
distance d from each plate). The plates are grounded and the grid is maintained
by a voltage generator at the potential ¢ = —Vj, where Vo > 0. A heavy ion
of mass m and charge +e executes oscillations back and forth through the grid;
the grid is effectively transparent to the ion. The initial amplitude of oscillation
(maximum displacement from the grid) is Ay, where Ao is large compared to the
wire spacing in the grid and yet smaller than d. What is the final amplitude of
oscillation after the grid potential has been changed very slowly (compared with

the period of oscillation) to ¢ = —2Vj.
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Problem 17

A certain thermodynamic system obeys the equation of state P = 4- N2V ~273
and has heat capacity Cy = BN*V™3T. Initially, the system is maintained. in
equlibrium at temperature T; and volume V; with particle number N. The system
is then allowed to expand freely to a volume V; and subsequently relax to a new
equilibrium state (T, Vy, N). During the expansion the gas is not in equilibrium,
however no work is done by the gas nor is any heat exchanged with its environment.
(a) What is the change in energy of the gas AE = E; — E;?

(b) Compute Ty in terms of T, Vy, V;, and N.
(c) Is Tf larger, smaller or equal to T;? Explain whether your answer could (qual-
itatively) correspond to a real physical system and if you found a change in

temperature what its microscopic origin could be.

Problem 18

An electromagnetic wave E = E,Ze*** is incident on an infinite conducting
cylinder with axis along 2. The cylinder has radius a.
(a) Calculate the amplitude of the scattered wave.
(b) Derive a general expression for the cross-section.
(c) Discuss your result for (b) in the limit ka < 1.
Problem 19

Use Fourier transformations to find a particular solution to the partial differ-

ential equation:
‘ N 0%

—_— = 6(x — 2%
ot Ox? 8y = o(w - 21)

for all z and ¢.
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Problem 20

¥2Na is a positron and gamma emitter as shown in the figure below. Assume
that the positron and gamma are emitted simultaneously. A 22Na source with a
strength of 50mCu is surrounded by a thin layer of material in which the positrons
are slowed down such that they are captured by atomic electrons in that material
and form positronium. The positronium decays into two gamma rays. Gamma rays
penetrate the material unobstructed.

Two detectors, one of which is movable along a circle as indicated in the other
figure below, are designed to detect gamma rays with an efficiency of 25%. Each
detector subtends a solid angle AQ = 1073 strad. The detectors are connected with
equal length cables to a coincidence circuit (with resolving time 7 = 50 ns) whose
output is connected to a scaler. The coincidence circuit gives an output only if the
two input signals arrive at its input within the time . 1 Cu corresponds to 3.7 x

1019 disintegrations per second.

22N,

22Ne et

14



(a)

(b)
(c)
(d)

(f)

Sketch in a figure the coincidence rate as function of the angle 8 between the
two detectors. Briefly comment on its most important features in different
regions of 6.

What are the singles rates in each detector?

What is the coincidence rate measured by the scaler?

What is the accidental coincidence rate (rate due to two distinct disintegrations
within the resolving time 7)?

Put some approximate numbers along the vertical axis of your figure in (a).

How would you measure the accidental coincidence rate?
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